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Abstract
The precision frontier in collider physics is being pushed at impressive speed,
from both the experimental and the theoretical side. The aim of this review is
to give an overview of recent developments in precision calculations within the
Standard Model of particle physics, in particular in the Higgs sector. While the
first part focuses on phenomenological results, the second part reviews some of
the techniques which allowed the rapid progress in the field of precision calcu-
lations. The focus is on analytic and semi-numerical techniques for multi-loop
amplitudes, however fully numerical methods as well as subtraction schemes for
infrared divergent real radiation beyond NLO are also briefly described.
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1. Introduction
1.1. Motivation
The Higgs boson, discovered in 2012 [1, 2], is the “youngest” in the discovery
list of elementary particles, and also the most peculiar. So far it is the only scalar
particle which seems not to be composite, and if it was the only one of its kind
to exist this would be intriguing from a theory point of view. However, it seems
more natural to think of it as the first milestone towards a new journey, and
therefore exploring the Higgs sector is one of the main pillars in the planning
process of the future collider physics program [3, 4].
The “precision frontier” plays a vital role in this program, for at least two
reasons. On one hand to match the upcoming increased experimental precision,
in particular at the High-Luminosity LHC and even more so at future colliders,
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on the other hand also because current measurements seem to indicate that
a possible New Physics sector is associated with energy scales that are high
enough to leave rather subtle imprints on observables near the electroweak scale.
Therefore the theoretical predictions need to be precise enough to tell apart New
Physics effects from discrepancies to the data due to insufficient modeling. The
latter can have various origins, like missing higher orders in the description of the
hard scattering, large logarithms spoiling the convergence of the perturbative
series, uncertainties related to parton showers and parton densities, parametric
uncertainties in the couplings and masses, or non-perturbative effects. The
last few years have seen enormous progress to push the precision in the different
aspects. The purpose of this article is to review parts of this endeavour, focusing
in particular on the Higgs sector and techniques for higher order perturbative
calculations.
1.2. Brief history
The progress in the calculation of higher order corrections to processes
relevant for LHC physics can be illustrated by considering the so-called “Les
Houches Wishlist”. This wishlist actually had its origin in a table put together
in 2004 by experimentalists for a workshop at Fermilab to identify processes
where NLO predictions would be “nice to have” for the Tevatron Run II. It
contained multi-particle final state processes such as WWW + bb¯+ ≤ 3 jets.
At the Les Houches 2005 Workshop at TeV Colliders, a realistic wish list was
created, that contained 2→ 4 processes at NLO as the cutting edge [5]. In the
years to follow, a “NLO revolution” took place, which led to the development
of automated tools to calculate NLO corrections to high-multiplicity-processes.
In 2011, the original NLO wishlist was not only ticked, but processes that have
not even been considered feasible in 2005 had been calculated at NLO, for ex-
ample 4–jet production in hadronic collisions [6], and in the years to follow
even processes such as W+5–jet production [7] or di-photon plus 3–jet produc-
tion [8] became available at NLO. Therefore, in the years after, the list has
been continued as precision wish list, where NNLO accuracy, the need for NLO
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electroweak (EW) corrections and the description of decays beyond the narrow
width approximation were the main subjects in the field of fixed-order precision
calculations. Impressive NLO calculations in this context are for example the
calculation of NLO EW and QCD corrections to Higgs production in associ-
ation with off-shell top-antitop pairs [9], or the full NLO QCD corrections to
off-shell tt¯bb¯ production [10], which is a 2 → 8 process. For a recent review on
electroweak radiative corrections we refer to Ref. [11].
It is often said that an “NNLO revolution” took place in the years after
2015. This was mainly due to the development of efficient subtraction schemes
for IR divergent real radiation at NNLO. Despite the enormous progress, this
subject is currently still under intense development, also in view of extensions
to N3LO.
On the loop side, the main challenges in fixed order precision calculations
are to increase the number of final state particles in NNLO calculations, which
mostly means going from 2→ 2 to 2→ 3 multiplicities at two loops, as well as
increasing the number of mass scales in processes at two loops and beyond. In
Section 3 we will report on progress in the technical aspects of such calculations.
1.3. Purpose and structure of this review
The purpose of this review is to give an overview of the current state of
the art in precision calculations for high energy collider processes, in particu-
lar processes that can be measured at the LHC. Its main focus is of a rather
technical nature, presenting various methods and techniques that led to the
achievements in precision phenomenology which are described in the first part
of the review. The phenomenological part, Section 2, is limited to the Higgs
sector, first because it is the least explored part of the Standard Model so far,
second because the intention is to rather give a more detailed account of Higgs
physics than a superficial account of precision calculations in all sectors of the
Standard Model. The description of precision calculations beyond the Standard
Model (BSM) would exceed the scope of this review and therefore BSM physics
is not treated here. The aim of Section 2 is not to review Higgs phenomenology
5
in full detail, but rather to highlight the calculations available in the literature
that led to the state-of-the-art predictions for the considered processes and to
point to open issues in the quest for higher precision. Precision phenomenology
is a very rapidly developing field. Recent phenomenological studies and results
in the Higgs sector are reviewed in Refs. [12–14], for an overview not limited to
the Higgs sector we point to Ref. [15], containing also the “Les Houches 2019
wishlist”.
Section 3 contains the description of techniques to calculate integrals and
amplitudes beyond one loop. It focuses on recent developments and describes
both analytic and numerical approaches. Among the numerical approaches,
sector decomposition is described in some more detail.
In Section 4, methods to treat infrared divergent real radiation at NNLO and
beyond are listed briefly. A summary and an outlook are given in Section 5.
2. Current status of precision Higgs phenomenology
QCD corrections in the Higgs sector are special as the Higgs boson does
not couple directly to gluons. Therefore, the precision calculations for loop-
induced processes, such as Higgs (plus jets) production in gluon fusion, can
be roughly divided into two categories: (a) calculations based on an effective
Lagrangian containing effective Higgs-gluon couplings which arise in the mt →
∞ approximation, also called “heavy top limit (HTL)”, and (b) calculations in
the full Standard Model. As the HTL shrinks the top quark loop mediating
Higgs-gluon interactions to a point (see Fig. 1), calculations in the HTL start at
tree level and involve only massless partons in the five-flavour scheme, in contrast
to the full SM where the leading order Higgs-gluon interaction is loop-induced.
Therefore, calculations in the HTL can be pushed to higher orders more easily
than calculations in the full SM. In fact, most calculations of highest available
order for observables at hadron colliders are in the Higgs sector.
6
Figure 1: Illustration of the heavy top limit (HTL).
2.1. N3LO corrections and beyond
The predictions for hadron collider cross sections beyond NNLO available to
date are the N3LO corrections to Higgs production in gluon fusion in the HTL,
for the inclusive case in the threshold approximation [16, 17] and exact [18], as
well as differential in rapidity [19, 20]. Very recently, the N4LO soft and virtual
corrections to inclusive Higgs production have been calculated [21].
Higgs production in bottom quark fusion is also known to N3LO [22, 23],
including matching the 4- and 5-flavour schemes to third order in the strong
coupling [24].
Inclusive Higgs boson production in vector boson fusion (VBF) at N3LO has
been calculated in Ref. [25], Higgs boson pair production in VBF in Ref. [26],
both based on the projection-to-Born method [27, 28]. N3LO corrections to
Higgs boson pair production in gluon fusion in the HTL have been calculated
in Refs. [29–31].
The Drell-Yan cross section to third order in the strong coupling has been
presented in Ref. [32], charged current Drell-Yan production at N3LO in Ref. [33].
N3LO corrections to jet production in deep inelastic scattering [34] as well as
charged current DIS [35] also have been calculated using the projection-to-Born
method.
It should also be mentioned that, apart from hadron collider cross sec-
tions, more inclusive quantities calculated at N3LO or beyond are known since
some time, such as deep inelastic structure functions [36] or the Higgs decay to
hadrons, which is available at N4LO [37–42]. For more details about multi-loop
results we refer to Section 3.2.3.
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2.2. Higgs production in gluon fusion
While in the heavy top limit N3LO corrections are available as listed above,
Higgs production with full mt dependence has been calculated up to NLO (two
loops) in Refs. [43–47]. The NNLO corrections in the HTL have been calculated
in Refs. [48–51]. Finite top quark mass effects at NNLO have been addressed in
Refs. [52–57] based on a 1/mt-expansion, finding corrections that do not exceed
1% after rescaling with exact NLO results. The NNLOHTL corrections have
been implemented in the programs HiGlu [58], iHixs [59, 60], SusHi [61] and
ggHiggs [62, 63]. The latter can be combined with Troll [64], which in its
latest version provides threshold resummation up to N3LL [65] and joint large-x
and small-x resummation [66]. In Ref. [67], the leading high energy behaviour
with finite top mass has been calculated at NNLO, resulting in an estimate of
the effect of the high energy mt-dependence on the NNLO K-factor to be of the
order of a few per cent. Three-loop corrections to the Higgs-gluon vertex with
a massive quark loop have been obtained by combining information from the
large-mt and threshold expansions with the help of a conformal mapping and a
Pade´ approximation [68]. For the subset of three-loop diagrams which contain a
closed massless quark loop, analytic results in terms of harmonic polylogarithms
have been obtained [69]. The first N3LO result which incorporates finite top
quark mass terms in a large-mass expansion up to four-loop order has been
presented in Ref. [70].
The light quark loops and in particular effects of the interference of diagrams
containing top quark loops with light quark loops have moved into the focus re-
cently. The leading (double) logarithmic corrections in ln(mH/mq) have been
evaluated to all orders in αs in Refs. [71, 72]. The effect of bottom quarks on
the Higgs transverse momentum spectrum for mb . pT . mt has been studied
in Ref. [73] by matching the NLO calculation with NNLL transverse momen-
tum resummation, using two different schemes. This led to an uncertainty of
the order of 15 - 20% on the top-bottom interference contribution to the pT -
spectrum. Since the interference amounts to about 5% of the full pT -spectrum,
it was concluded that unknown higher order b-quark mass effects can modify
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the Higgs transverse momentum distribution by a few percent.
Exact results for the 3-loop form factor with a single massive quark and
otherwise light quarks have been presented in Ref. [74], based on a numerical
solution of a system of differential equations for the occurring master integrals.
The results confirm that an approach based on Pade´ approximants as used in
Ref. [68] is sufficient to obtain sub-percent precision for physical observables as
long as a vanishing b-quark mass is assumed. In Ref. [75], an analytic three-loop
result for the leading colour contribution to the Higgs-gluon form factor in QCD
is presented. In contrast to the case with massless quarks [69], this calculation
requires the introduction of a new class of iterated integrals with integration
kernels involving elliptic integrals which are not iterated integrals of modular
forms, see Section 3.2.2 for more details.
The N3LOHTL inclusive cross section in the threshold approximation [16, 17]
has been implemented in the codes iHixs [59, 60] and SusHi [76]. The code,
iHixs 2 [77] contains the exact N3LOHTL corrections as well as the the lead-
ing EW corrections from Ref. [78] in a factorising approach and the option to
perform threshold resummation to N3LL. Differential results at N3LOHTL have
been presented in Refs. [19, 20]. Results beyond the threshold approximation
have been calculated in Ref. [18], see also [79]. The rapidity distribution cal-
culated at N3LOHTL in Refs. [19, 20] shows a relatively flat K-factor of about
1.03 compared to the previous order, calculated in Refs. [48, 50, 51, 80–82]. In
the region |yH ≤ 3.6|, the scale uncertainties are reduced by more than 50%,
see Fig. 2.
The calculation of the N4LO soft and virtual corrections to inclusive Higgs
production [21] revealed that at 14 TeV, these corrections enhance the cross
section by 2.7% for the scale choice µR = mH , while the enhancement is 0.2%
for µR = mH/2, both with αs and PDFs evaluated at µ = mH .
With these corrections available, the uncertainties due to missing higher
orders, which were considered as the dominant theoretical uncertainties so far,
are now at a level where other uncertainties, which are estimated to be in the
ballpark of 1% [83], play an important role, see Table 1.
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Figure 2: Higgs boson rapidity distribution. Figures from Refs. [19, 20].
δ(scale) δ(PDF-TH) δ(EW) δ(t, b, c) δ(1/mt) δ(PDF) δ(αs)
+0.10 pb
−1.15 pb ±0.56 pb ±0.49 pb ±0.40 pb ±0.49 pb ± 0.89 pb +1.25 pb−1.26 pb
+0.21%
−2.37% ±1.16% ±1% ±0.83% ±1% ±1.85% +2.59%−2.62%
Table 1: Status of the theory uncertainties on Higgs boson production in gluon fusion at
√
s = 13 TeV. The table is taken from Ref. [83] and the LHC Higgs WG1 TWiki, with δ(trunc)
removed after the work of Ref. [18]. The value for δ(EW) was a rough estimate when Ref. [83]
was published. Meanwhile the order of magnitude has been confirmed by the calculations of
Refs. [84–88].
Two-loop electroweak corrections to Higgs production in gluon fusion were
calculated in Refs. [89, 90, 78]. The mixed QCD-EW corrections which ap-
pear at two loops for the first time were calculated directly in Ref. [91], where
however the unphysical limit mZ ,mW  mH was employed. In Refs. [84–86],
this restriction was lifted and the mixed QCD-EW corrections at order α2α2s
were calculated, where the real radiation contributions were included in the soft
gluon approximation. It was found that the increase in the total cross section
between pure NLO QCD and NLO QCD+EW is about 5.3%. The calculation
of Ref. [86] has been confirmed by Ref. [87], where also the hard real radiation
was calculated, in the limit of small vector boson masses, corroborating the va-
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lidity of the soft gluon approximation. Finally, the two-loop mixed QCD-EW
corrections with full dependence on the Higgs and on the vector boson masses
have been presented in Ref. [88], overcoming the approximations of the previous
calculations.
Another ingredient needed for the full mixed QCD-EW corrections at order
α2α2s are the non-factorising mixed QCD-EW corrections from the one-loop
partonic subprocess gg → Hqq¯, calculated in Ref. [92] and indicating that these
corrections can be neglected.
An analytic result for the two-loop amplitude for the process gg → H to
order 2, which is a building block for the infrared subtraction terms which
would enter an N3LO calculation with full top quark mass dependence, has
been presented in Ref. [93]. Combined with the results of Refs. [68, 74] for the
3-loop mt-dependent form factor as well as the results of Ref. [94] entering the
two-loop real-virtual contributions, a full N3LO result seems to emerge on the
horizon.
The Abelian part of the double-logarithmic corrections for the gg → Hg
amplitude has been obtained in Ref. [95]. In Ref. [96] an all-order next-to-
leading logarithmic approximation for the light-quark-loop-mediated amplitude
of Higgs boson production in gluon fusion has been calculated, in order to assess
the higher order bottom quark contribution to the Higgs boson production cross
section in the threshold approximation. However, the conclusion is that an
actual accuracy of the logarithmic and threshold approximations is difficult to
estimate and an exact computation of quark mass effects is therefore expected
to be important in consolidating the theoretical precision of the top-bottom
interference contribution to the inclusive Higgs production cross section.
The transverse momentum spectrum of the Higgs boson has been studied ex-
tensively, for a recent method in momentum space, used to obtain NNLL+NNLO
predictions for the pHT spectrum see Ref. [97]. Resummed predictions further
have been produced at NNLO+N3LL both at the inclusive level [98] and in
the H → γγ channel with fiducial cuts [99]. The resummation considerably
reduces the scale uncertainties and makes the result for pT . 40 GeV more
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reliable, while the size of the N3LL corrections is small, amounting to 5% only
at very small pT . Recently, the Higgs boson transverse momentum spectrum
in the presence of a jet veto has been studied at doubly differential level at
NLO+NNLL [100], i.e. a joint resummation of large logarithms involving either
pHt /mH or p
j,veto
t /mH has been performed.
Important developments are also combinations of NNLO predictions with a
parton shower [101, 102], including finite top and bottom mass effects [103].
The experimental uncertainty on the total Higgs boson cross section is ex-
pected to be 3% or less with a data sample of 3000 fb−1 [15]. To achieve the
desired theoretical precision, more complete calculations of finite-mass effects,
including light quark masses, as well as PDFs at N3LO accuracy seem to be the
most important issues concerning the inclusive cross section.
2.3. Higgs production in bottom quark fusion
Higgs production in bottom quark fusion has been calculated up to N3LO
in the five-flavour scheme [23] and matched to the four-flavour scheme at order
α3s [24]. In the four-flavour scheme the bottom quark is treated as massive and
is produced in the hard process. This leads to higher final-state multiplicities
and more complicated matrix elements. Therefore Higgs production in bottom
quark fusion is only known up to NLO in the four-flavour scheme [104–106], see
also Refs. [107–109]. The four-flavour scheme is plagued by large logarithms
involving the b-quark mass, which can spoil the convergence of the perturbative
series. It is therefore desirable to combine the two schemes into a single pre-
diction. Several methods to perform such a combination have been proposed
in the literature [110–114]. These prescriptions however have suffered from the
fact that the equivalent of the NNLO result in the five-flavour scheme is only
the leading order in the four-flavour scheme. Ref. [24] offers the first consistent
matching of the four- and five-flavour schemes up to third order in the strong
coupling. This is achieved by combining the N3LO result for the cross sec-
tion [23] with the matching procedure of Refs. [110, 113]. The combination of
the N3LO cross section with the resummation of threshold logarithms at N3LL
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has been performed in Ref. [115], the NNLO QCD⊕QED corrections have been
calculated in Ref. [116].
We also comment briefly on the decay of a Higgs boson to a bottom quark
pair here, as the involved matrix elements are related. H → bb is the dominant
Higgs decay mode, however due to the large QCD backgrounds, experimental
analyses in the past mostly have focused on associated (V H) production modes.
Due to jet-substructure techniques [117], it recently became possible to measure
gg → H → bb¯ in the boosted regime [118, 119].
The QCD corrections to the decay rate H → bb are known up to N4LO [37,
41, 42]. The NLO electroweak corrections are known for some time [120, 121],
as well as the mixed QCD×EW corrections at O(ααs) [121, 122]. At the level of
differential results, NNLO QCD was the state of the art [123–126] until recently,
before in Ref. [22] differential results at N3LO were presented, complemented by
the corrections proportional to ytyq (q = b, c) at order α
3
s [127]. Phenomenolog-
ical studies [128–134] have focused on interfacing the decay at this order to V H
production, which is also known at NNLO in QCD [135–137], see Section 2.6.
Partial NLO EW corrections to Hbb production have been calculated in
Ref. [138]. Very recently, the complete NLO QCD and EW predictions for
Hbb production in the four-flavour scheme have been calculated [139], i.e. all
contributions of order αms α
n+1 with m+ n ≤ 3. Terms with n ≥ 2 include ZH
production, where the Z-boson decays into bb pair. In addition, at order αsα
3,
VBF configurations with Z-bosons arise. It is shown that the impact of these
additional contribution is sizeable. The conclusion of Ref.[139] is therefore that
experimental cuts to suppress these contributions would reduce the cross section
to an extent which renders the idea of directly extracting the Yukawa coupling
yb from the measurement of Hbb at the LHC hopeless.
2.4. Higgs plus jet production
Higgs boson production in association with a jet has been calculated in the
heavy top limit up to NNLO in Refs. [140–145] using different methods for the
subtraction of IR divergent double real radiation (see section 4), thereby also
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shedding light on the role of power corrections within the N-jettiness subtraction
method [145].
Top quark mass effects have been included at NLO in various approxima-
tions [146, 103, 147, 148] before the NLO calculation with full top quark mass
dependence was presented [149], providing more precise predictions at large
pT , a region which is sensitive to New Physics effects due to additional heavy
fermions in the loop or other sources of modifications of the Higgs couplings,
see Fig. 3.
At low pT values, bottom quark effects play a role and have been calculated
in Refs. [150–152]. Top mass effects in the large transverse momentum expansion
pT  2mt also have been studied [153, 154], using two-loop integrals calculated
in Ref. [155].
Higgs boson decays in combination with NNLO HTL results have been in-
cluded in Ref. [143] (H → γγ, H → W+W− → e+µ−νν¯), Ref. [144] (H → γγ)
and Ref. [156] (H → 4 leptons), where the detailed comparison to ATLAS and
CMS measurements in the 4 lepton channel revealed the important role of dif-
ferent lepton isolation prescriptions [156].
An extensive study of Higgs production at large transverse momentum,
pHT ≥ 400 GeV, has been performed in Ref. [157]. It contains the currently
best prediction for Higgs+jet production in the boosted regime, obtained by
a combination of the NNLO prediction computed in the HTL (denoted by
“EFT” in Fig. 3) with the exact NLO prediction. The result is shown in Fig. 3
(left), where the cumulative cross section as a function of the lower cut on
pHT is shown, comparing NNLO HTL, the combinations with the exact NLO
(ΣEFT-improved (1), NNLO) and the exact LO (ΣEFT-improved (0), NNLO) calcula-
tions, where the combination is defined as
ΣEFT-improved (1), NNLO(pcut⊥ ) ≡
ΣSM, NLO(pcut⊥ )
ΣEFT, NLO(pcut⊥ )
ΣEFT, NNLO(pcut⊥ ) , (1)
analogous for LO. Ref. [157] also contains a comparison of results from Monte
Carlo tools [158–160, 101, 103, 147] with the best fixed order prediction. It was
found that the predictions obtained with the generators HJ-MiNLO [160] and
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MG5−MC@NLO [147] are in very good agreement with one another and that they
both reproduce the best fixed order prediction within uncertainties, however the
latter are of the order of 20-30%. Another interesting outcome of this work is the
conclusion that other Higgs production channels, in particular V H production,
also play a non-negligible role in the boosted regime, see Fig. 3 (right).
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Figure 3: Left: Cumulative cross section as a function of the p⊥-cut at NNLO in the HTL,
as well as rescaled by the LO (NLO) full-SM spectrum labelled by EFT-improved(0) (EFT-
improved(1)). Right: Comparison of cross sections from different production channels: gluon-
fusion (green), VBF (red), vector boson associated (blue) and top-quark pair associated (ma-
genta). Figures from Ref. [157].
The assessment of the uncertainties will remain incomplete until the NLO
electroweak corrections in the gluon fusion channel as well as a study of the top
quark mass scheme dependence are available.
A first step towards the NLO electroweak corrections to Higgs+jet produc-
tion in gluon fusion has been made in Ref. [161], where the planar master inte-
grals for the light fermion contributions have been calculated analytically. A big
step is also provided by the master integrals for the two-loop mixed QCD-EW
corrections to gg → Hg, calculated in Ref. [88]. From the results for inclusive
Higgs production discussed above it is expected that the light fermion con-
tributions represent the bulk of the electroweak corrections to Higgs plus jet
production in the gluon fusion channel.
The Higgs boson transverse momentum is certainly a very important ob-
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servable at the LHC, as the Higgs pT -spectrum is sensitive to New Physics
effects. For example, it allows to break the degeneracy along ct + cg = const.
which is present when measuring the inclusive Higgs boson production cross
section [162, 163].
2.5. Higgs plus two or more jets
The production of a Higgs boson in association with two jets has two main
production modes, vector boson fusion (VBF) and genuine QCD production.
The VBF channel is the second largest Higgs production channel, and as it
probes gauge boson scattering, it directly probes our understanding of pertur-
bative unitarity as guaranteed by the SM Higgs mechanism.
The NLO QCD corrections to Higgs production in VBF were first calculated
differentially in Refs. [164, 165] and have been implemented into the programs
VBFNLO [166–168] and MCFM [169–171].
The total cross section in the VBF production mode is known to N3LO in
the structure function approach [25], differing only at the per-mil level from the
inclusive NNLO result [172]. The NNLO corrections are also known differen-
tially [28, 173] and in general do not exceed 5% of the NLO corrections, while
the latter can be as large as 30% and lead to substantial modifications of the
shape of the jet distributions. Nonetheless, there is a kinematic dependence of
the NNLO corrections in the pT - and rapidity distributions of the two tagging
jets, and since it is precisely through cuts on these observables that the VBF
cross section is selected, the NNLO effects may have an impact on the efficiency
of the VBF cuts and thus on the precision of the measurements.
The calculations have been performed in the so-called “structure function ap-
proach” [27, 28], which neglects non-factorising contributions due to interactions
between the two quark lines radiating the vector bosons. Non-factorisable effects
have been studied in the eikonal approximation in Ref. [174] and estimated to
amount to 1% at most. In Ref. [175], the validity of the approximation employed
in Ref. [174] outside tight VBF cuts is studied for both single and double Higgs
production in VBF. For single Higgs production, it was found that for typical
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selection cuts the non-factorisable NNLO corrections are small and mostly con-
tained within the scale uncertainty bands of the factorisable part. However,
for the fully inclusive VBF phase space, it was found that the non-factorisable
NNLO corrections are of the same order as the NNLO factorisable ones, and
moderately larger than the factorisable N3LO corrections. Nonetheless it should
be noted that this estimate is based on an extrapolation of the eikonal approx-
imation into a regime where it ceases to be valid, and should therefore only
be taken as an indication of the true size of non-factorisable NNLO corrections
to fully inclusive VBF Higgs production. Interference effects between the VBF
production channel and QCD production are negligible [176, 177]. The depen-
dence of the differential NNLO cross section on the definition of the tagging jets
has been studied in Ref. [178].
The NLO EW corrections [177, 179–182] are at the 5% level for the total
cross section, but increase in the high-energy tails of distributions such as the
transverse momentum of the leading jet. The EW corrections have negative
sign, such that they largely cancel the QCD corrections at the inclusive level.
The program Hawk [181, 182] contains the NLO EW and QCD corrections to
both Higgs production in VBF as well as Higgs production in association with
a vector boson, which also leads to a H + 2 jets final state if the weak boson is
decaying hadronically.
VBF Higgs production at NLO with up to 3 jets has been calculated in
Refs. [183, 184]. A phenomenological study of the impact of the gluon fusion
channel for H+ ≤ 3 jets at NLO in the HTL as a background to VBF measure-
ments has been performed in Ref. [185], top- and bottom quark mass effects
in H+ ≤ 3 jets have been studied in Ref. [186]. Mass effects in H + 2j at
high energies have also been studied [187] within the “High Energy Jets” frame-
work [188–191]. The one-loop amplitude for H+4 jets with full mass dependence
has been calculated in Ref. [192].
Parton shower effects in VBF Higgs production have been studied in detail
in Ref. [193], comparing various showers and generators. It was found that with
typical VBF cuts, the uncertainties resulting from predictions by different tools
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are at the 10% level for observables that are accurate to NLO. For observables
sensitive to extra radiation effects, uncertainties up to about 20% have been
found. It was also emphasised that in processes of VBF type, employing a global
recoil scheme for the generation of initial-state radiation, as done by default in
most parton shower Monte Carlo programs, is not appropriate in combination
with a calculation in the structure function approach, where the radiation is
always along one of the quark lines. Therefore the recoil should take place
along the quark line where the gluon was emitted, also known as dipole recoil
scheme [194]. Considering the fact that, within a single generator at NLO+PS
accuracy, the theoretical uncertainties estimated by the usual renormalisation
and factorisation scale variations (and possibly variations of a scale that controls
the shower hardness) were found to be at the few percent level, there is a clear
need for a better understanding of the differences between the various tools
providing NLO+PS accuracy.
2.6. Higgs production in association with a vector boson
The production of a Higgs boson in association with a vector boson, also
known as Higgs-Strahlung, is an important process at the LHC, as well as at
lepton colliders. Even though the cross sections at the LHC are smaller than
for Higgs production in gluon fusion and VBF, this process has many appealing
features. For example, for ZH production combined with a leptonic Z-decay,
triggering is straightforward, independent of the Higgs decay. This makes this
channel especially attractive in combination with challenging Higgs decays, like
invisible or hadronic Higgs decays, in particular H → bb¯ [12]. Furthermore,
V H production provides the opportunity to probe the Higgs couplings to gauge
bosons.
Inclusive NNLO QCD corrections are available since quite some time [48]
and are implemented in the program VH@NNLO [195–198]. NLO electroweak
corrections have been first calculated in Ref. [199], both NLO EW and QCD
corrections have been implemented in the program Hawk [181, 182]. Combined
NLO QCD+EW corrections are also available [200, 201], where Ref. [200] con-
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tains NLO QCD+EW predictions for HV and HV+jet production including
parton shower effects.
Differential QCD corrections have been calculated up to NNLO, including
H → bb¯ decays at different orders. Refs. [135–137] include Higgs decays at NLO,
while they are included up to NNLO in Refs. [128, 129].
The V H process is also an ideal testing ground for infrared subtraction
schemes at NNLO, being less basic than Drell-Yan but still containing only
colourless particles in the final state. This subject will be treated in Sec-
tion 4, however it should be mentioned here that the differential NNLO re-
sults calculated in Refs. [135, 136, 128] are based on qT -subtraction [80], where
Ref. [128] in addition uses the ColourfulNNLO method for the H → bb¯ decay at
NNLO [124]. The results of Ref. [137] are based on N-jettiness, implemented in
MCFM [202], the ones of Ref. [129, 130, 134] are based on nested soft-collinear
subtraction [203].
The combination of fixed-order QCD computations with parton showers
has been studied at NLO+PS in association with up to one jet [204] and at
NNLOPS [205, 206, 133] using the MiNLO procedure in Powheg [207]. Merged
results of the NLO Drell-Yan contribution and the loop-induced gluon initiated
contribution for 0+1 jet multiplicities are also available in Sherpa [208], see
also [209] for MG5 MC@NLO. The NNLO corrections have been combined
with NNLL resummation in the 0-jettiness variable and matched to a parton
shower within the Geneva Monte Carlo framework [132].
The differential NNLO predictions for V H observables in combination with
H → bb¯ have been calculated in Ref. [128] (for V = Z,W ) and in Ref. [129] (for
V = W ), considering massless b-quarks except in the Higgs Yukawa coupling
and using the same-flavour-kT algorithm [210] to define b-jets. The Higgs boson
decay is treated in the narrow width approximation.
Ref. [131] presents a computation of V H observables for the processes V =
Z,W±, including NNLO corrections to both production and decay subprocesses.
It provides a fully differential description of the final states, i.e. including the
decays of the vector boson into leptons and the Higgs boson into b-quarks with
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off-shell propagators of the vector- and Higgs bosons. It was found that an
independent variation of the production and decay scales results in percent-level
uncertainties. In Ref. [134], associated WH production with H → bb¯ decays has
been calculated at NNLO QCD with massive b-quarks. Comparing the massive
and massless descriptions, differences of O(5%) in fiducial cross sections were
found, and even larger differences for differential results in kinematic regions
where the b-jets have large transverse momenta.
Threshold corrections up to N3LO for the Drell-Yan-type part of the inclusive
cross section have been calculated in Ref. [211] and included in the program
VH@NNLO [197]. Soft-gluon resummation of both threshold logarithms and
logarithms which are important at low transverse momentum of the V H pair
have been considered up to N3LL in Ref. [212] and have been found to be very
close to the fixed order NNLO result. Threshold resummation for the gg → ZH
process has been calculated in Ref. [213].
The loop-induced gluon-initiated contributions are finite and enter at order
α2s, i.e. formally at NNLO considering the pp → V H process. Due to the
dominance of the gluon PDFs at the LHC they are however sizeable, contribut-
ing about 6% to the total NNLO cross section, and the contribution can be
twice as large in the boosted Higgs boson regime pHT & 150 GeV [214, 215].
The gluon-initiated subprocess is very sensitive to modified Yukawa couplings
and/or non–SM particles running in the loop, therefore the NLO corrections
to this process, calculated at LO in Ref. [216], are important. However, these
NLO corrections contain two-loop integrals involving mt,mH and mZ , and such
integrals are currently unknown analytically. Therefore the NLO QCD correc-
tions have been calculated in various approximations so far. In Ref. [217] they
have been calculated in the mt → ∞ limit, leading to a K-factor to reweight
the full one-loop result. In addition, top quark mass effects at NLO QCD have
been considered in the framework of a 1/mt-expansion in Ref. [218]. However,
the 1/mt-expansion becomes unreliable for invariant masses of the HZ system
larger than about 2mt.
In Ref. [219], a data-driven strategy to extract the gluon-initiated component
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(or, more precisely, the non-Drell-Yan component) for ZH production has been
suggested, based on the comparison of the ZH to the WH cross section and
the corresponding invariant mass distributions of the V H system.
The process bb¯ → ZH in the five-flavour scheme, but with a non-vanishing
bottom-quark Yukawa coupling, has been calculated in the soft-virtual approx-
imation at NNLO QCD in Ref. [220], the polarised qq¯ → ZH two-loop ampli-
tudes have been calculated in Ref. [221].
2.7. Top quark pair associated Higgs production, H+single top
The process tt¯H is particularly interesting due to its direct sensitivity to the
top-Yukawa coupling yt. However, this process suffers from large systematic un-
certainties due to the very complicated final states. Currently the combination
with H → γγ is the most promising channel [12, 222, 223], however the H → bb¯
channel is of increasing importance as deep learning methods gain momentum
as a way to improve the signal-to-background ratio [224–227].
NLO QCD corrections for on-shell tt¯H production are known for many
years [228–232]. They have been matched to parton showers in Refs. [233–235].
NLO EW corrections have first been calculated in Ref. [236], they have been
combined wit NLO QCD corrections within the narrow-width-approximation
(NWA) for top-quark decays in Refs. [237, 238]. NLO QCD corrections to off-
shell top quarks in tt¯H production with leptonic decays have been calculated
in Ref. [239]. A combination of these NLO QCD corrections with NLO EW
corrections has been presented in Ref. [9], the tt¯bb¯ background with full off-shell
effects has been calculated in Ref. [10]. These calculations involve one-loop am-
plitudes with up to 10 external legs, and thus are showpieces of the one-loop
matrix-element generator Recola [240, 241].
Soft gluon resummation at NLO+NNLL has been performed in Refs. [242–
245], soft and Coulomb corrections have been resummed in Ref. [246]. The
NLO+NNLL resummed results have been further improved including also the
processes tt¯W±, tt¯Z [247, 248], where Ref. [248] also includes EW corrections.
NLO QCD results in the Standard Model Effective Field Theory (SMEFT)
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Figure 4: Allowed region in the Ctφ-CφG plane at 95% confidence level, where Ctφ and CφG
denote the Wilson coefficients of the top-Higgs and Higgs-gluon operators, respectively. Left:
current constraints. Right: Projection for the HL-LHC. The theoretical uncertainties are not
included. Figures from Ref. [249].
have been calculated in Ref. [249], including also a study of the processes pp→
H, pp → H j and pp → HH, which also involve the Higgs-top and Higgs-
gluon operators. Fig. 4 shows how a combined fit based on these processes can
break the degeneracies in the coupling parameter space present in the individual
processes.
The H → γγ decay channel of the tt¯H process is particularly well suited
to measure a possible CP-violating phase of the top Yukawa coupling [250–259]
and experimental constraints are already available [223, 222].
Using single top plus Higgs production to probe the CP-properties of the
top Yukawa coupling has been studied e.g. in Refs. [260, 252, 261, 257, 262].
In Ref. [263] NLO results for the process pp → bb¯H have been calculated
and analysed in view of constraining both yt and yb.
Given the projection that the statistical uncertainty will shrink to the order
of 2-3% after 3000 fb−1 [264] (while currently statistical and systematic uncer-
tainties are of about the same size, depending on the Higgs decay channel),
the measurement of tt¯H will be dominated by systematics. As the dominant
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systematic uncertainties currently come from modelling uncertainties of signal
and backgrounds [265, 266], there is a clear need to reduce the theory uncertain-
ties. At NLO QCD the scale uncertainties are of the order of 10-15%, therefore
NNLO QCD corrections are necessary to match the experimental precision at
the HL-LHC.
2.8. Higgs boson pairs
Similar to single Higgs production, the main Higgs boson pair production
channels are gluon fusion, VBF, associated production with a vector boson and
associated production with a top quark pair. The corresponding cross sections
as functions of energy are shown in Fig. 5.
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Figure 5: The main production channels for Higgs boson pair production. Figure from
Ref. [83].
Higgs boson pair production is an interesting process due to its potential
to access the trilinear Higgs boson self-coupling, which is one of the few SM
parameters being still largely unconstrained. The projection for the HL-LHC
is to constrain it to about 50% uncertainty after 3000 fb−1, combining different
decay channels and the two experiments ATLAS and CMS [267, 268]. At a
future FCC-hh operating at
√
s = 100 TeV, an accuracy of about 5% could be
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achieved with 30 ab−1 [269, 270]. As in the SM the Higgs boson self-couplings
are completely determined by the Higgs VEV and its mass, any statistically
significant deviation from the predicted value would be a clear sign of New
Physics. Currently the most stringent 95% CL limit on the total gg → HH cross
section at
√
s = 13 TeV is σHHmax = 6.9 × σSM , constraining trilinear coupling
modifications to the range −5.0 ≤ λ/λSM ≤ 12.0 [271] with the assumption that
all other couplings are SM-like.
The trilinear Higgs couplings can also be constrained in an indirect way,
through measurements of processes which are sensitive to these couplings via
electroweak corrections [272–283]. Such processes offer important complemen-
tary information. However the number of operators entering the loop correc-
tions at the same level in an EFT expansion is in general larger than the leading
set of operators entering Higgs boson pair production. Therefore the limits on
chhh = λ/λSM extracted this way risk to be weakened by the larger number
of parameters to fit. An experimental analysis based on single Higgs boson
production processes has been performed to derive combined constraints from
single and double Higgs boson production [284]. Under the assumption that all
deviations from the SM expectation are stemming from a modification of the
trilinear coupling, the derived bounds on chhh at 95% CL from the combined
analysis are −2.3 ≤ chhh ≤ 10.3 [284]. However once the couplings to vector
bosons and/or fermions are allowed to vary as well, these bounds deteriorate
significantly.
The idea of indirect constraints through loop corrections also has been em-
ployed trying to constrain the quartic Higgs boson self-coupling from (partial)
EW corrections to Higgs boson pair production [281, 285–287].
Higgs boson pair production in gluon fusion in the SM has been calculated
at leading order in Refs. [288–290], and at NLO in the mt → ∞ limit (HTL),
rescaled with the full Born matrix element, in Ref. [291]. An approximation
called “FTapprox”, was introduced in Ref. [292], which contains the full top
quark mass dependence in the real radiation, while the virtual part is calculated
in the Born-improved mt →∞ limit. The NLO QCD corrections with full top
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quark mass dependence became available more recently [293–296], both groups
calculated the corresponding two-loop integrals numerically. In Refs. [293, 294]
the program SecDec [297, 298] was used, which will be discussed in more detail
in Section 3.4. Implementations of the full NLO QCD corrections in parton
shower Monte Carlo programs are also available [299–302].
NNLO QCD corrections have been computed in the HTL in Refs. [303–307],
where Ref. [307] contains fully differential results. The results of Ref. [306] also
contain an expansion in 1/m2t , soft gluon resummation has been performed at
NNLO+NNLL level in Ref. [308]. The calculation of Ref. [307] has been com-
bined with results including the top quark mass dependence as far as available
in Ref. [309], and the latter has been supplemented by soft gluon resumma-
tion in Ref. [310]. The scale uncertainties at NLO are still at the 10% level,
while they are decreased to about 5% when including the NNLO corrections.
The uncertainties due to the chosen top mass scheme have been assessed in
Refs. [296, 311] and found to be larger than the NNLO scale uncertainties. The
N3LO corrections to Higgs boson pair production in gluon fusion in the heavy
top limit recently became available [29], and top mass effects at NLO obtained
from the ggHH code [299, 301, 302] have been included by a reweighting pro-
cedure in Ref. [31]. The new results reduce the scale uncertainties to the level
of a few percent, such that the remaining uncertainties are mainly related to
the missing mass effects at this order, as well as to the top-quark mass scheme
dependence. The PDF uncertainties are estimated to be at the 2% level [267].
Analytic approximations for the top quark mass dependence of the two-
loop amplitudes in the NLO calculation have been studied in Refs. [312–316].
In Ref. [312] the large-mt expansion is combined with a threshold expansion
with a Pade´ ansatz, in Ref. [313], an expansion in p2T + m
2
h has been worked
out. Ref. [314] considers an expansion around the limit m2h → 0, constructed to
comprise both large-mt and high energy expansions. In Refs. [315, 316] the high
energy limit for Higgs boson pair production is considered. Complete analytic
results in the high energy limit have been presented in Ref. [317].
At very high energies, such as for phT values & 1 TeV, the results of the ggHH
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program of Refs. [299, 301, 302] become unreliable due to lack of support from
the grid encoding the virtual two-loop amplitude. To remedy this, the results
of Ref. [317] have been combined with the full NLO results to obtain reliable
results over the full kinematic range [318]. In Ref. [319], 1/m2t corrections to
the HTL three-loop gg → HH amplitude have been calculated. Results for the
real-virtual corrections which would enter a full NNLO calculation have been
presented in Ref. [320]. Four-loop corrections to the effective coupling of two
Higgs bosons and two, three or four gluons have been provided in Refs. [321, 322].
The effects of operators within an Effective Field Theory (EFT) description
of Higgs boson pair production and the prospects to constrain the Higgs boson
self-couplings have been studied extensively in the literature, see e.g. Refs. [323–
337]. For dedicated NLO (HTL) studies see Refs. [338, 339, 249], including also
CP-violating operators [340]. EFT studies at NNLO in the mt → ∞ limit are
also available [341, 15]. In Ref. [342] for the first time the full NLO QCD correc-
tions have been combined with an EFT approach to study BSM effects. These
predictions have been used to investigate the influence of anomalous couplings
on the mhh shape at NLO [343], and they have been implemented in the pub-
licly available program ggHH [302]. The effect of anomalous couplings on the
inclusive NLO K-factors and on the mhh distribution is illustrated in Fig. 6.
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Figure 6: Left: NLO K-factors as functions of the anomalous couplings. Right: Normalised
Higgs boson pair invariant mass distributions for various values of chhh at
√
s = 14 TeV. The
uncertainty bands are from 3-point scale variations around the central scale µ0 = mhh/2.
Figures from Refs. [342, 301].
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Higgs pair production from bottom quark annihilation has been calculated to
NNLO in QCD in the soft-virtual approximation in the five-flavour scheme [344].
Electroweak corrections should also be considered at this level of precision,
in particular as they can distort differential cross sections. The number of mass
scales in the corresponding two-loop amplitudes currently does not allow an
analytic calculation of the latter. A subclass of integrals occurring in these
corrections has been calculated numerically in Ref. [287].
HH in vector boson fusion
For Higgs boson pair production in vector boson fusion, results in the struc-
ture function approach are available for the total cross section at N3LO [26]
and fully differentially at NNLO [345]. The NNLO corrections were found to
be at the level of 3− 4% after typical VBF cuts. The N3LO corrections turned
out to be negligible at the central scale choice, however they reduce the NNLO
scale uncertainty by a factor of four. It was found that the changes to the cross
section due to variations of chhh can be substantial, however the K-factor as a
function of chhh does not show large variations.
Strategies to disentangle the VBF and direct production modes have been
discussed in Ref. [346]. In Ref. [175] the non-factorisable diagrams, i.e. the
ones not captured by the structure function approach, have been estimated,
based on the eikonal approximation. The calculation reveals that that the non-
factorisable corrections are sizeable. This fact can be attributed to a delicate
cancellation of the various Born diagrams, which is spoiled by the radiative cor-
rections. Because the factorisable corrections to the di-Higgs process are smaller
than in the single Higgs process, the non-factorisable corrections are of the same
order of magnitude or even dominant compared to the NNLO factorisable ones.
For the fiducial volume studied in Ref. [175] the two corrections have opposite
sign and partially cancel each other.
In Ref. [347], the NLO EW corrections combined with NNLO QCD correc-
tions are presented, including also non-factorisable contributions. It was found
that the NLO EW corrections within the fiducial volume amount to about −6%
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and can be up to −20% in differential cross sections. The EW corrections com-
bined with the NNLO QCD corrections lead to a total correction of −14.8%
compared to the LO prediction. It was also confirmed that the structure func-
tion approximation becomes unreliable in rather inclusive setups or in extreme
regions of phase space.
HHV
Associated production of a Higgs boson pair with a vector boson has been
calculated at NNLO for the inclusive case in Ref. [348]. The gluon fusion chan-
nel, entering ZHH production at order α2s, was found to contribute O(20%)
to the total NNLO cross section. Differential NNLO results were calculated in
Ref. [349] for ZHH and in Ref. [350] for WHH, based on qT -subtraction.
HH tt¯
In Refs. [351, 352] it has been pointed out that the HHtt¯ channel at the
HL-LHC may provide additional information for a determination of the trilinear
Higgs coupling. In fact, as can be seen from Fig. 5, the cross section in this
channel also rises faster with centre-of-mass energy than for the other channels.
The potential of this channel at FCC-hh energies recently has been analysed
in Ref. [353]. An important feature of this process is that in models where the
Higgs sector is non-linearly realised, i.e. described by the Electroweak Chiral
Lagrangian (also called “Higgs Effective Field Theory” (HEFT)) [354–356], the
tt¯H and tt¯HH couplings are not linearly dependent as they are in SMEFT, as
has been discussed e.g. in Refs. [342, 332, 353, 343]. Therefore an independent
measurement of the effective tt¯HH coupling is of great importance to shed light
on the EW symmetry breaking sector. In Ref. [357], which elucidates in detail
the relations between SMEFT and HEFT and their domains of validity, the
conclusions state: “It would be valuable to identify measurements one could
make that would test if our low energy EFT could be SMEFT or must be
HEFT”. A measurement of the effective tt¯HH coupling would certainly fall
into this category.
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2.9. Multi-Higgs
The SM cross section for triple Higgs production in gluon fusion at approxi-
mate NNLO is about 5fb at 100 TeV [358], so it is smaller than the one for double
Higgs production at 100 TeV by about a factor of about 250. Therefore a mea-
surement of the quartic Higgs boson coupling from this process is not possible
at the LHC and challenging even at a 100 TeV collider. However, the smallness
of the cross section is related to delicate cancellations between contributions in-
volving λ3 and λ4 for SM values of all couplings. Therefore, New Physics effects
could enhance the cross section significantly [359–362, 285, 363, 364], such that
it is important to have the theory predictions under control.
As this process already at Born level contains one-loop pentagon diagrams
with massive loops, the calculation of higher order corrections is challenging. At
leading order it has been calculated in Refs. [365, 366]. NLO corrections were
calculated in Ref. [292], using the approximation FTapprox, where the virtual
amplitude is calculated in the HTL, while keeping the exact dependence on the
top quark mass is used for the real emission contributions. In Ref. [367] the
two-loop virtual amplitudes where computed in the HTL to obtain the soft-
virtual approximation of the NNLO corrections. These results were extended in
Ref. [358] beyond the soft-virtual approximation, computing the complete set
of NNLO QCD corrections for triple Higgs production within the HTL. Partial
finite top mass effects are included by taking into account the NLO FTapprox
results of Ref. [292].
Triple Higgs production in association with a vector boson also has been
studied [368], as well as multi-Higgs production in Vector Boson Fusion [280].
The possibility to obtain combined constraints on both the triple and the quartic
Higgs coupling at future e+e− colliders has been discussed in Ref. [281] consid-
ering e+e− → ZHn and e+e− → νν¯Hn with n = 1, 2, 3, see also [369, 370].
In Ref. [371] the prospects of measuring the quartic Higgs self-coupling at a
multi-TeV muon collider are investigated, Ref. [372] discusses the prospects to
measure the couplings of Higgs bosons to electroweak gauge bosons at a muon
collider.
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2.10. Tools for differential NNLO predictions
While dedicated NNLO programs to provide differential results for spe-
cific processes became publicly available some time ago already, such as Fe-
hiPro [373, 47], Hnnlo [80, 81, 374] for Higgs boson production in gluon fu-
sion, 2γnnlo [375] for diphoton production, eerad3 [376] for 3-jet production
in e+e− annihilation, Fewz [377, 378], DYnnlo [379] and DYturbo [380] for
vector-boson production or ProVbfH [28] and ProVbfH v1.2 [25, 175] for
Higgs production in vector boson fusion or ProVbfHH [26, 345, 175] for Higgs
pair production in vector boson fusion, multi-purpose programs are rare for
obvious reasons. A summary of publicly available programs that can provide
differential NNLO results for hadron colliders is given in Table 2.
process name Refs. remarks
pp→ H FehiPro [373, 47] t- and b-quark masses up to O(α3s)
pp→ H Hnnlo [80, 81, 374] t- and b-quark masses up to O(α3s)
pp→ H Hqt [381, 382] pT -dist., NNLL resummation
pp→ γγ 2γnnlo [375, 383] also available in MCFM [384]
t→W (lν) b nnTopDec [385] https://nntopdec.hepforge.org/
Drell-Yan Fewz [377, 378, 386]
Drell-Yan DYnnlo [379]
Drell-Yan DYturbo [380, 387, 379] merge of DYnnlo, DYres, DYqt
https://dyturbo.hepforge.org/
pp→ V H MCFM [137]
VBF H prod. ProVbfH [28, 25, 175]
VBF HH prod. ProVbfHH [26, 345, 175]
colour singlet 2→ 1, 2 Matrix+OpenLoops [388–391] https://matrix.hepforge.org
incl. NLO EW corrections for VV(′)
colour singlet 2→ 1, 2 Matrix+Radish [392] incl. qT resummations
colour singlet 2→ 1, 2 MCFM [202, 171] https://mcfm.fnal.gov/
Table 2: Public programs which can provide differential results at NNLO relevant for hadron
colliders.
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Currently the publicly available tools providing differential NNLO predic-
tions for a number of different processes areMatrix [388, 391]+OpenLoops [389,
390] and MCFM [202, 171]. The NNLO processes available in MCFM and Ma-
trix were initially focused on colour-singlet final states, however this restriction
has been lifted e.g. in Ref. [145] for NNLO H+jet production in MCFM, or in
Ref. [393] providing NNLO results for top quark pair production within Ma-
trix. The NNLOJet collaboration started out with NNLO predictions for
single jet inclusive [394] and dijet production [395], however in the meantime
has tackled a considerable number of processes involving vector bosons, Higgs
bosons and jets, where some of the results are publicly available in the form of
grids, see e.g. [396]. Similarly, results for tt¯ production at NNLO are available
in the form of fastNLO [397, 398] tables [399].
Making calculations at high perturbative orders available in a fast and flex-
ible way, for example in the form of grids which allow the convolution with
different PFDs, is certainly a subject that will be of increasing importance. Be-
sides the fastNLO [397, 398] and APPLgrid [400] projects, the pineAPPL [401]
framework has been developed recently, which can compute fast interpolation
grids accurate to NLO QCD as well as NLO QCD+EW, particularly important
for LHC processes where EW corrections have a sizeable effect. Approaches
based on N-tuples or matrix elements expanded in a basis of orthogonal phase-
space functions are also promising [402].
Last but not least, it should be mentioned that one of the main challenges
to move forward in precision phenomenology is to combine fixed-order calcu-
lations beyond NLO consistently with parton showers. Several approaches are
being worked on and have been applied already to colour singlet final states, for
example the NNLO+PS matching implemented in the parton shower program
Geneva [403–405, 132], UNnlops [406, 102, 407] or MiNnlo [408, 409], which
is a new development based on Nnlops+MiNlo [160, 103, 410, 206].
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3. Overview of modern techniques for loop amplitudes
3.1. Multi-loop Amplitudes
Scattering amplitudes can be considered as the core of any perturbative
calculation of a physical quantity relevant to particle interactions, in collider
experiments as well as in a wider context including also gravity. The calculation
of scattering amplitudes beyond the leading order in perturbation theory has
seen immense progress in the last decade, which led to a deeper mathematical
understanding of the structure of both tree- and loop amplitudes, and opened
the door to many important phenomenological applications.
We do not cover one-loop amplitudes here because the techniques for one-
loop calculations and NLO automation are in a rather mature state. For reviews
see e.g. Refs. [411–414, 11]. More specialised reviews about modern methods
for one-loop QCD amplitudes can be found in Refs. [415–418]. One of the main
reasons why the one-loop case is substantially different from the multi-loop case
is that for one-loop amplitudes, all scalar products between loop momenta and
external momenta appearing in the numerator can be expressed in terms of
propagators and external kinematic invariants, which means there are no “irre-
ducible scalar products (ISPs)”. Further, for any number of external legs, the
integral basis can be expressed in terms of N -point functions with N ≤ 4 in
D = 4 dimensions, and the so-called “rational parts”, related to the (D − 4)-
dimensional components of the loop momentum, are easily calculable. As a
consequence the class of analytic functions the results must belong to is pre-
dictible and simple: the most complicated analytic functions that can occur up
to order 0 are dilogarithms. This will be different once we go beyond one loop.
3.1.1. Basic concepts
Before we discuss recent developments and highlights in amplitude calcula-
tions, let us introduce some notation and basic concepts which will be essential
in order to describe various techniques for the calculation of multi-loop ampli-
tudes.
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Integral families
We consider an integral with L loops in D dimensions with propagator pow-
ers νj ,
F (ν1 . . . νn) =
∫ L∏
l=1
dDkl
ipi
D
2
n∏
j=1
1
P
νj
j ({k}, {p},m2j )
, (2)
where the propagators Pj({k}, {p},m2j ) depend on the loop momenta kl, the
external momenta {p1, . . . pE} and the (not necessarily nonzero) masses mj .
We use dimensional regularisation [419, 420] to regulate both ultraviolet and
infrared divergences, such that, with D = 4 − 2, the singularities in four di-
mensions show up as 1/ -terms to some power. The set of propagators can also
contain propagators which depend linearly on the loop momentum rather than
quadratic, as they occur for example in heavy quark effective field theory or in
non-covariant gauges. A scalar integral with no loop-momentum dependence
in the numerator would correspond to νj ≥ 0 for all j. The set of integrals
F (ν1 . . . νn) is called an integral family if it contains all integrals with a prop-
agator configuration such that any scalar product of a loop momentum with
another loop momentum or with an external momentum can be expressed as a
linear combination of inverse propagators contained in the same family. The in-
tegrals in a family are in general linearly dependent. Finding a convenient basis
in the vector space formed by the integrals, in terms of which all integrals of a
given family can be expressed, corresponds to a reduction to master integrals.
Finding a convenient master integral basis is of crucial importance for both a
compact representation of the amplitude as well as for the evaluation of the
master integrals. Depending on the method used for the evaluation (e.g. differ-
ential equations or a numerical evaluation), what is understood as “convenient”
can differ.
Note that for a process with N external particles in D dimensions, only
E = min(N−1, D) of these external momenta will be independent (N is reduced
by one due to momentum conservation). In a D-dimensional space any vector
can be expressed as a linear combination of D basis vectors. For an N -point
33
process with L loops, the number n of genuinely different scalar products of the
type ki · kj or ki · pj is given by
n = L(L+ 1)/2 + LE , (3)
where the first term comes from contracting the loop momenta with themselves,
and the second from contracting the loop momenta with the external momenta.
A set of t propagators of an integral family defines a sector of this family [421].
The number of different t-propagator sectors is
(
n
t
)
and therefore in principle,∑n
t=0
(
n
t
)
= 2n sectors are contained in an integral family, however many of
them will be zero or related by symmetries.
One purpose of an integral family is to label and classify loop integrals.
To every t-propagator sector with propagator denominators Pj1 , . . . , Pjt we can
define a set of integrals with different propagator powers by
I(t, r, s) =
∫ L∏
l=1
dDkl
ipi
D
2
P s1jt+1 . . . P
sn−t
jn
P r1j1 . . . P
rt
jt
, (4)
with integer exponents ri ≥ 1 and si ≥ 0. An integral of a given fam-
ily F can therefore be characterised by t, r, s and the indices {ν1, . . . , νn} =
{r1, . . . , rt,−s1, . . . − sn−t}, where r =
∑t
i=1 ri and s =
∑n−t
i=1 si. Positive νi
denote powers of “regular” propagators, i.e. propagators in the denominator,
negative νi denote powers of inverse propagators, i.e. they form non-trivial nu-
merators, and zero means the absence of a propagator. The numbers t, r, s can
be calculated from the vector ~ν, so they are redundant once ~ν is given, but they
facilitate a categorisation of the integrals. For a t-propagator sector of an n-
propagator integral family, the number of integrals that can be built for certain
values of r and s is given by N(n, t, r, s) =
(
r−1
t−1
)(
s+n−t−1
n−t−1
)
. The two binomial
factors count all possible ways to arrange the exponents of the propagators in
the denominator and numerator, respectively. The integral with r = t and s = 0
of some sector is called corner integral of this sector [421].
Note that from Eq. (3) it becomes clear that all topologies with a number
of propagators nP > n are reducible, i.e. scalar products in the numerator
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can be expressed through linear combinations of propagators of the same inte-
gral. For L = 1, one can show that the only irreducible numerators are of the
type ki · nj , where nj denotes directions transverse to the hyperplane spanned
by the physical external momenta. These terms vanish after integration over
the loop momenta (in integer dimensions), a fact which is built into unitarity-
based reduction at integrand level. Starting from two loops, genuine irreducible
numerators can occur.
3.1.2. Integration by parts identities
It can be shown [422–425] that for Feynman integrals regulated by dimen-
sional regularisation, the integral over a total derivative is zero. If I is the
integrand of an integral of the form (2), taking derivatives as follows∫ L∏
l=1
dDkl
∂
∂kµi
[
vµ I(~ν)] = 0 (5)
leads to identities between different integrals, so-called integration by parts
(IBP) identities [423, 424]. The term vµ can be a loop- or external momentum.
More generally, it can also be a linear function of loop- and external momenta
which can be chosen conveniently, for example such that propagators with pow-
ers νi > 1 (also called “propagators with dots”) do not occur [426–429]. If there
are L loop momenta and E independent external momenta one can therefore
build L (L + E) equations from one integral. The integrals which are used as
starting points to build a system of equations are called seed integrals.
The system of IBP identities is in general over-constrained, such that most
of the integrals can be expressed as linear combinations of a small subset of
integrals, the master integrals (MIs). Lorentz-invariance identities [430] of the
form
E∑
i=1
(
pνi
∂
∂piµ
− pµi
∂
∂piν
)
F (~ν) = 0. (6)
can be used to obtain additional relations (which are redundant, as shown
in [431], but can help convergence in solving the linear system).
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The choice of the MIs is not unique, and as mentioned already, a convenient
choice of the basis can make an enormous difference in the calculation of ampli-
tudes of a certain complexity. Further, it is important to take symmetries into
account, as well as shifts of the loop momenta that do not change the kinematic
invariants. For more details we refer to Refs. [421, 432].
Example
As an example for IBP reduction, we consider a massive vacuum bubble with
a propagator power ν,
F (ν) =
∫
dκ
1
(k2 −m2 + iδ)ν , ν > 0 , (7)
where we have used the abbreviation dκ = dDk/(ipi
D
2 ). Using the IBP identity∫
dκ
∂
∂kµ
{
kµ
(k2 −m2 + iδ)ν
}
= 0
leads to
0 =
∫
dκ
{
1
(k2 −m2 + iδ)ν
∂
∂kµ
(kµ)− ν kµ 2k
µ
(k2 −m2 + iδ)ν+1
}
= DF (ν)− 2ν [F (ν) +m2 F (ν + 1)]
⇒ F (ν + 1) = D − 2 ν
2 ν m2
F (ν) . (8)
We see that in this simple example there is only one master integral, which we
choose to be
F (1) = −Γ(1−D/2) (m2)D2 −1 . (9)
In less trivial cases, an order relation among the integrals has to be in-
troduced to be able to solve the system for a set of master integrals. For
example, an integral T1 is considered to be smaller than an integral T2 if T1
can be obtained from T2 by omitting some of the propagators. Within the
same topology, the integrals can be ordered according to the powers of their
propagators, using for example lexicographical ordering for the set of indices
{−s1, . . .− sn−t, r1, . . . , rt}.
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The first systematic approach of IBP reduction has been formulated by La-
porta [433], therefore it is sometimes also called Laporta-algorithm. The public
tools where this algorithm has been implemented will be listed in Section 3.1.4,
see also Refs. [434, 435] for brief reviews of the method. Formulations of IBP re-
duction in terms of algebraic geometry have proven very useful, for more details
we refer to Refs. [436–439] and Section 3.1.5.
Amplitude calculations: workflow
The typical workflow to calculate an amplitude beyond one loop is the fol-
lowing:
1. amplitude generation, for example in terms of Feynman diagrams,
2. bringing the amplitude to a convenient form,
3. reduction to master integrals,
4. calculation of the master integrals,
5. evaluation of the amplitude.
We will discuss steps 1 and 2 in Section 3.1.3, step 3 in Section 3.1.4 and step
4 in Section 3.2. If step 5 involves integrals whose evaluation is time consuming
(for example non-trivial numerical integrations), it is conveniently performed
in a way that takes into account the weight of the integral coefficients in the
amplitude, such that integrals whose numerical contribution to the amplitude
is small need not be calculated with the same precision as the ones with larger
numerical importance.
3.1.3. Amplitude representations
Step 1 above is usually relying at least partly on automated tools like
Qgraf [440], FeynArts [441, 442] or FeynCalc [443, 444], see also feyn-
gen [445] for high loop orders. However, fully numerical approaches which
avoid the combinatorial complexity associated with the Feynman-diagrammatic
approach are promising in view of the growing loop/leg order of amplitudes to
be tackled. Numerical methods avoiding the reduction to master integrals will
be discussed in Section 3.3.3.
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Step 2 is of course closely linked to step 1 and ideally both steps are per-
formed simultaneously, for example by generating the amplitude using on-shell
methods, thus avoiding in the first place the generation of structures which will
lead to cumbersome cancellations later. A very promising approach is to use D-
dimensional unitarity at two loops in combination with rational reconstruction
to generate the integrands, see e.g. Refs. [446–451] and Section 3.1.5.
If the amplitude is generated in terms of Feynman diagrams, step 2 involves
the saturation of open Lorentz- and spinor indices and the mapping of the
amplitude to smaller building blocks, and can have different forms. For sim-
ple amplitudes which are not loop-induced, one solution is of course to directly
interfere the virtual amplitude with the Born amplitude, however for more com-
plicated processes this becomes quickly intractable. A very general method is
to identify all possible Lorentz and spinor structures and to write the amplitude
as a linear combination of these structures, where the coefficients are called
form factors. The latter can be extracted from the full amplitude by suitable
projection operators, see e.g. [452–454] for early work on the construction of
projectors. One of the advantages of this method is that all objects can be
defined naturally in D dimensions, while working with helicity amplitudes re-
quires a very careful treatment of 4-dimensional versus D-dimensional objects.
However, this method scales very badly with the number of external legs, even
though projectors for the case of five-gluon scattering have been derived [455].
Recently, promising new approaches have been proposed [456, 457] which
define physical projectors, thereby limiting the proliferation of terms. When ex-
pressed in terms of the original tensors, only a subset of them will contribute and
their number will correspond exactly to the number of independent helicity am-
plitudes in the process under consideration, thus getting rid of all the additional,
unphysical degrees of freedom related to the (D − 4)-dimensional space. The
power of the method described in Ref. [457] is demonstrated by the construction
of a complete set of physical projectors for the scattering of five gluons in QCD.
The method described in Ref. [456] also exploits the simplifications stemming
from the use of 4-dimensional external momenta to construct the projectors.
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However, it requires to perform an explicit decomposition of external polarisa-
tion states in terms of 4-dimensional momenta, while the method of Ref. [457]
yields helicity projectors that are uniquely written as linear combinations of
standard, D-dimensional projection operators.
3.1.4. Amplitude reduction
The reduction of integrals occurring in an amplitude (beyond one loop) to a
set of linearly independent master integrals is most commonly performed using
integration-by-parts (IBP) identities [423, 424] as well as Lorentz invariance (LI)
identities [430] as described above.
Public implementations of the Laporta algorithm are available in the pro-
grams Air [458], Reduze [459, 421], Fire [460–462], LiteRed [463, 464] and
Kira [432, 465, 466]. These automated tools have been vital for the progress
in the calculation of 3-point and 4-point amplitudes at two or more loops in
the last few years. However, as the number of scales involved in the reduction
increases, for example for two-loop 5-point amplitudes or 2→ 2 scattering with
several massive particles involved, the algebraic linear systems start to become
intractable. This led to important new developments, suggesting to perform
the IBP reduction numerically over finite fields [467]. Tools which are useful to
perform such a reduction are FiniteFlow [447, 468] and FireFly [469, 470],
as well as version 2.0 of Kira [466].
It should also be mentioned that there are very powerful specialised reduc-
tion programs, which can tackle massive tadpoles, like Matad [471], or two-
point functions at three and four loops, respectively, called Mincer [472] and
Forcer [473].
Basis choice for the master integrals
The choice of the master integral basis is not unique, and for more com-
plicated amplitudes it can become instrumental to choose a convenient basis.
Several criteria to define a “good” basis can be considered. One of them is
the requirement that the dimension D factorises in the denominators at the
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end of the reduction process, used for example in Ref. [150]. The coefficients
of the master integrals are rational functions of the kinematic invariants and
the dimension D. These functions can be extremely cumbersome, and in some
cases even singular. However, vanishing denominators in IBP reductions are
either spurious or related to singularities of Feynman integrals corresponding to
solutions of the Landau equations, which in turn implies that the denominators
can be decomposed into a product of functions depending only on kinematic
invariants and masses, and functions depending only on the dimension D, in a
linear way. In Ref. [474], a public Mathematica package is presented to achieve
such a D-factorising basis in combination with Kira, in Ref. [475] an algorithm
is presented which is implemented in Fire.
For numerical evaluations of the master integrals, it can be particularly
convenient to use a so-called quasi-finite basis [476, 477]. Such a basis is char-
acterised by the fact that the integrals themselves are finite, apart from poles
stemming from Γ-functions appearing as prefactors. These basis integrals are
related to the original topologies or subtopologies by shifts to higher space-time
dimensions and allowing for higher powers of the propagators. Dimensional
recurrence relations can be implemented based on Refs. [478, 479] to achieve
convenient dimension shifts. In Ref. [480], a program is presented which allows
to calculate master integrals based on dimensional recurrence relations and an-
alyticity in the dimension D.
For the analytic calculation of master integrals with the method of differen-
tial equations, discussed in Section 3.2.1, it is very convenient to have integrals
which are of uniform weight, also called “UT” for uniform transcendentality,
where the weight or degree of transcendentality DT is defined by [481]
DT (r) = 0 for rational r, DT (pik) = DT (ζ(k)) = DT (logk(x)) = k,
DT (x · y) = DT (x) +DT (y) . (10)
This is because the UT property [482] allows for a straightforward solution of
the system of differential equations in terms of Chen iterated integrals [483,
484]. A function that is represented as a series in the dimensional regularisation
40
parameter  is called a uniformly transcendental function if the coefficient of
k has weight k. If one assigns weight −1 to , a UT function is a function of
uniform weight zero. A convenient basis in this respect would be both UT and
quasi-finite [446, 485], but this is highly non-trivial to achieve in an algorithmic
way. Finding a UT basis is facilitated by recent insights and developments.
For example, in Ref. [486], a strategy to find a UT basis using an analysis of
leading singularities in the Baikov representation has been used, in Ref. [487] an
algorithm is presented which combines a powerful partial fractioning procedure
with a UT basis choice to achieve compact reduction coefficients.
3.1.5. State of the art
New directions in amplitude reduction
As the reduction is often the bottleneck in the calculation of amplitudes
with several mass scales, there has been progress towards avoiding it in several
directions.
For example, it is possible to generate and apply the IBP relations numeri-
cally and carry out the amplitude reconstruction directly, without the generation
of reduction tables. The method is based on rational reconstruction, utilising
finite-field values for the kinematical invariants [467, 447, 469, 462] and then
performing the same reduction several times for the reconstruction of the func-
tional dependence on the kinematic invariants. This method has been very
successful in tackling difficult problems [488–494, 450, 495, 496]. Meanwhile
public tools are available for functional reconstruction using finite fields, such
as FiniteFlow [468] or FireFly [469, 470], implementations in Fire [462] and
Kira [466] are also available.
Reduction at the integrand level has been instrumental at one loop to re-
duce the algebraic complexity. Much progress to extend these concepts be-
yond one loop has been achieved since, using concepts of algebraic geome-
try [437, 497, 436, 438, 498]. A powerful novel IBP reduction method based
on computational algebraic geometry has been presented in Refs. [499, 487]. It
employs a Gro¨bner basis technique [497, 438] combined with a module intersec-
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tion method [500, 501]. It was demonstrated that with this method, an analytic
reduction of the two-loop five-point non-planar double pentagon diagram up to
numerator degree four can be achieved. Numerical unitarity has been extremely
successful to calculate massless two-loop amplitudes [429, 448, 502, 503], includ-
ing the first computation of the two-loop 4-gluon amplitude based on numerical
unitarity [448] as well as progress towards two-loop five-point processes with
one massive external leg [450, 451].
Another idea, which has been particularly successful in N = 4 Super Yang-
Mills theory, is to bootstrap the amplitude from its behaviour in multi-Regge
and collinear limits [504–513].
An alternative reduction method, applied to massless two-loop five-parton
scattering amplitudes in Ref. [514] has been presented in Refs. [515–517], using
an expansion in the parameter η of the Feynman iη-prescription.
From a more formal side, a very promising alternative to IBP reduction
has been suggested based on the intersection theory of differential forms [518,
519, 500, 520–523], for which the Baikov representation [524, 525] is particularly
suited. In this approach, a Feynman integral written in terms of master integrals
Mi as
I =
∑
i
ciMi (11)
is considered as a vector in a vector space spanned by the master integrals. Ex-
ploiting an inner product in this vector space, the coefficients ci can be extracted
as follows [519, 526]
〈v| =
∑
i,j
〈v|v∗j 〉(C−1)ji〈vi| with Cij = 〈vi|v∗j 〉
⇒ ci =
∑
j
〈v|v∗j 〉(C−1)ji . (12)
This opens the possibility to extract the coefficients of the master integrals with-
out the need to solve huge linear systems as they are generated by IBP relations.
The original formulation of this idea was based on the Baikov representation
in combination with maximal cuts [527, 519, 520]. In Ref. [523], multivariate
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intersection numbers are discussed, and several strategies for integral reduction
are presented, applicable to generic parametric representations of Feynman inte-
grals. This method has been applied successfully to highly non-trivial topologies
already, for example massless two-loop non-planar five-point diagrams or mas-
sive two-loop diagrams as they occur in HH or H+jet production [520, 523].
Two-loop five-point amplitudes (and beyond)
The first calculation of a cross section for a 2→ 3 process in hadronic colli-
sions, pp → 3γ, has become available recently [528], based on master integrals
calculated in [529, 530], neglecting colour-suppressed non-planar contributions.
These NNLO results greatly improve the agreement with the data [531] com-
pared to the NLO description.
For the full-colour QCD case, the calculations of the full two-loop five-
gluon all-plus helicity amplitude in analytic form [492, 532] are important mile-
stones. Preceding work to develop the techniques allowing such results showed
an enormously rapid progress. The master integrals were available first for the
planar case [529, 533, 534], followed quickly by the non-planar master inte-
grals [449, 500, 535, 536, 486].
Helicity amplitudes for massless five-point amplitudes in QCD were first
calculated semi-numerically using modular arithmetic [537–541, 502]. Based
on these methods, an analytic expression for the single-minus helicity ampli-
tudes [489] was achieved, as well as complete leading colour five-parton helicity
amplitudes within the numerical unitarity framework [490, 503]. Massless two-
loop five-point amplitudes including a non-planar sector have been pioneered
in Super-Yang-Mills theory [535, 542, 543] as well as gravity [491, 544], before
they were applied to the all-plus sector of QCD [492].
Other remarkable steps forward are the first calculation of a two-loop five-
point amplitude with a massive leg, given by the semi-numerical calculation of
the planar two-loop helicity amplitudes for W+4 partons [450], and the com-
putation of a full set of planar five-point two-loop master integrals with one
external mass [451]. Recently, a compact analytic expression for the full colour
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two-loop six-gluon all-plus helicity amplitude has become available [545], as well
as an analytic form for an n-gluon all-plus helicity result for a certain colour
partial amplitude [546], which extends earlier work on leading colour all-plus
six- and seven-point amplitudes [547, 548]. Non-planar six-particle amplitudes
at two loops have been studied in Refs. [549, 543].
Two-loop QCD corrections to Higgs plus three parton amplitudes with dimen-
sion-seven operators in Higgs effective field theory have been calculated in
Ref. [550], employing a new strategy of combining unitarity cut- and integration-
by-parts methods.
3.2. Calculation of master integrals: analytic methods
In the following we will give a brief overview on various methods to cal-
culate Feynman integrals, both analytically and numerically. In Sections 3.3
and 3.4 we will focus on the numerical evaluation of individual integrals, which
are usually the endpoints of some reduction procedure to master integrals, as
described in Section 3.1.4. Such integrals can be IR or UV divergent and there-
fore are defined as integrals over D-dimensional loop momenta. There are also
approaches which try to avoid working in D space-time dimensions, aiming to
calculate the amplitudes fully numerically in momentum space. Such methods
will be discussed in Section 3.3.3.
As physicists, we would like to compare predictions with measurements, so
we are ultimately interested in numerical values for the integrals which enter
precision calculations of measurable quantities. So why do we aim at an analytic
representation of the integrals? The answers are obvious: we would like to have
maximal control over the pole cancellation and the analytic regions, we need fast
evaluation times, and we would like to understand the mathematical structure.
However, the evaluation times with modern numerical methods (and comput-
ing resources) are increasingly competitive with analytic approaches, and the
numerical approaches have the advantage that the extension to more loops or
kinematic scales is more straightforward. Therefore it seems fair to say that
numerical methods are not any longer the “poor man’s solution” to problems
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analytic numerical
pole cancellation exact with numerical uncertainty
control of integrable singularities analytic continuation less straightforward
fast evaluation yes depends
extension to more scales/loops difficult promising
automation difficult less difficult
Table 3: Strong and weak points of analytic versus numerical evaluations of loop integrals.
where analytic results are not yet available, they may even evolve to be the
method of choice for precision calculations in view of future lepton colliders
where electroweak corrections at two- and three-loop order, involving typically
several mass scales, are mandatory to match the experimental precision. Some
Pro’s and Con’s of analytic versus numerical methods are listed in Table 3. Con-
cerning the pole cancellation it should be mentioned that the pole coefficients
in general are much easier to evaluate than the finite part, such that the numer-
ical uncertainty on the pole coefficients is usually not a problem to verify pole
cancellation. The automation of analytic calculations is particularly difficult
if adding another mass scale enlarges the function class the result is spanning,
for example exceeding the class of multiple polylogarithms. Numerical methods
have to struggle with more thresholds as the number of mass scales increases,
but they are less sensitive to new mathematical structures and therefore might
be more suitable for the automated calculation of multi-loop amplitudes. More
details about various methods will be given below, see also Refs. [551–555] for
reviews.
As many of the methods operate on the Schwinger- or Feynman parameter
representation of loop integrals, we will give a brief overview of these represen-
tations in Section 3.2.4.
3.2.1. Differential equations
The method of differential equations (DE) to evaluate Feynman integrals
has first been suggested and developed in Refs. [556, 557, 430]. A breakthrough
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of this method has been initiated by Ref. [483], where an optimal, -factorised
form of these equations has been suggested, nowadays known as canonical form.
The main idea of the DE method is to take derivatives of a given integral
with respect to kinematic invariants and/or masses, which relates them to other
integrals of a given family. This leads to a system of differential equations for
the master integrals which can be solved given appropriate boundary conditions.
Below we briefly outline the algorithm, for more details we refer to Refs. [558,
484].
Consider a Feynman integral or an integral family as in Eq. (4), characterised
by a set of propagators and irreducible scalar products Pi in D space-time
dimensions. The dependence on the kinematics is given by invariants formed by
external momenta such as p2i , (pi+pj)
2 and masses, which we denote generically
by xi. After successful IBP reduction, all integrals of the given family can be
expressed in terms of a basis of N independent master integrals Ik(D,xi) with
k = 1, ..., N . Differential operators with respect to any of the external invariants
xi can be constructed as linear combinations of differentiations with respect
to the external momenta pµi [557]. Therefore, acting with these differential
operators on the integrands of Eq. (4) leads to linear combinations of integrals
belonging to the same integral family and to its sub-topologies. The latter can
again be reduced to MIs, generating a system of N linear first order differential
equations with rational coefficients in any of the invariants xi. Suppressing
the dependence on the sub-topologies, which can be considered as a known
inhomogeneous term in a bottom-up approach, the homogeneous part of the
system can be written as
∂
∂xi

I1(D,xi)
...
IN (D,xi)
 =

a11(D,xi) . . . a1N (D,xi)
... . . .
...
aN1(D,xi) . . . aNN (D,xi)


I1(D,xi)
...
IN (D,xi)
 ,
(13)
where the coefficients aij are rational functions of the dimension D and of the
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kinematic invariants xi. Introducing a vector of master integrals, ~I(D,xi), and
the matrix of the coefficients, A(D,xi), we can rewrite the system in compact
form,
∂
∂xi
~I(D,xi) = A(D,xi) ~I(D,xi) . (14)
This system of N first order differential equations is in general coupled and
therefore it can also be understood as an N -th order differential equation for
any of the MIs. Solving the system is simplified if the MIs are expanded as a
Laurent series in  = (4−D)/2,
Ik(D,xi) =
∞∑
r=−p
I
(r)
k (4;xi) (D − 4)r . (15)
The leading pole 1/p of an integral is usually easiest to evaluate, and this
leads to a chained system of N differential equations where, at any order r, the
previous orders can only appear as inhomogeneous terms.
The system becomes particularly simple if we can achieve a basis such that
the -dependence factorises, i.e.
∂
∂xi
~I(D,xi) = A(xi) ~I(D,xi) . (16)
Such a basis is called a canonical basis [483]. The most convenient form of
Eq. (16) is the following, where we now drop the labels in xi and denote the
D-dependence by :
d ~I(x, ) = 
(
d A˜
)
~I(x, ) , A˜ =
∑
k
Ak lnαk(x) . (17)
In this form the system can be integrated iteratively order by order in  with
suitably chosen boundary conditions. In the case where this representation
can be reached using only rational transformations, the αk are of the form
αk = x−xk , where the xk are the locations of the singularities in the kinematic
invariants. In the general case they can be more complicated functions of x,
for example involving square-roots. The set of αk is also called the alphabet. It
characterises the function class the solution can belong to.
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The solution to Eq. (17) with boundary value ~I0() can be written as an
iterated integral,
~I(x, ) =
(
1 + 
∫ x
dt1 A˜(t1) + 
2
∫ x
dt1
∫ t1
dt2 A˜(t1)A˜(t2) + . . .
)
~I0() .
(18)
More generally it can be written as
~I(~x, ) = P exp
[

∫
γ
d A˜
]
~I0() , (19)
where P denotes path ordering along the integration contour γ, and ~I0() is a
boundary value. If the alphabet can be written in terms of rational functions,
one can write the answer in terms of multiple polylogarithms (MPLs), also called
Goncharov polylogarithms [559–561], see also Refs. [562–564] for the relation to
the so-called symbol calculus. The Goncharov polylogarithms can be defined
iteratively as follows,
G(a1; z) =
∫ z
0
dt
t− a1 , G(; z) = 1 , (a1 6= 0) ,
G(a1, . . . an; z) =
∫ z
0
dt
t− a1G(a2, . . . , an; t) . (20)
The number of elements n in the vector (a1, . . . an) is called the weight of the
Goncharov polylogarithm. Their properties are reviewed e.g. in Ref. [552], the
relations to logarithms and dilogarithms are given by
G(~0n; z) = 1/n! log
n(z) , G(~an; z) = 1/n! log
n(1− z/a) ,
G(~0n−1, 1; z) = −Lin(z) . (21)
The subclass of functions where ai ∈ {−1, 0, 1} is called Harmonic Polylogarithms
(HPLs), however the definition includes an extra sign: H(~a; z) = (−1)pG(~a; z),
where p is the number of elements equal to +1 in ~a. Several codes have been
published which can evaluate MPLs numerically [565–572].
A generalisation of MPLs which includes the class of functions that appear
in the massive sunrise diagram are the so-called elliptic multiple polylogarithms
(eMPLs), which can be obtained by considering iterated integrals of rational
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functions on a torus [573]. While eMPLs are a rather large class of functions, for
the particular case of the two-loop sunrise diagram a special subclass of eMPLs
has been shown to be sufficient, the so-called iterated Eisenstein integrals [574–
576], see also Section 3.2.2.
Example
A very simple example of an iterated integral is an integral where the differ-
ential equations have the following form (a form where A(x) can be expressed
in terms of derivatives of logarithms is also called dlog form):
d I(x, ) = A(x) I(x, ) , A(x) = d ln (x− 1) = dx
x− 1 . (22)
Such a form is convenient because it can be solved iteratively. With the bound-
ary condition I(0, ) = 1 we get, expanding I(x, ) =
∑∞
r=0 I
(r)(x) r and inte-
grating iteratively each order in :
I(x, ) = 1 + G(1;x) + 2G(1, 1;x) + . . . . (23)
Finding a transformation T that brings the system to canonical form is highly
non-trivial and several procedures and tools to achieve this can be found in the
literature [577–582]. In Ref. [583] a program is presented which can construct
a basis of integrals with the property of universal transcendentality (UT) if one
UT integral is known. In Ref. [584] the program DiffExp is presented, which
iteratively solves integrals from their differential equations in terms of truncated
one-dimensional series expansions along line segments in phase-space. It can
automatically detect the integration sequence from the differential equations
and contains an optimised integration strategy for coupled integrals.
It is commonly believed that for Feynman integrals which can be expressed in
terms of multiple polylogarithms a canonical form of the DEs exists. However
the inverse is not true, explicit examples have been found where a canonical
form exists, however the result cannot be expressed entirely in terms of multiple
polylogarithms [585].
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For Feynman integrals containing elliptic functions, a canonical form has
been found for a few special cases [586, 587]. Whether it would be possible to
find a canonical form for all types of Feynman integrals is an open question.
3.2.2. Elliptic integrals
In addition to the “two-loop multi-leg frontier” (where “multi-leg” in this
context means five or six external legs), there is also the “multi-scale loop inte-
grals frontier”, where the calculation of the integrals is highly non-trivial due to
massive propagators. The calculation of two-loop amplitudes for 2→ 2 scatter-
ing with massless propagators and up to two off-shell legs can be considered as
a solved problem [588–591], as it can be tackled with the automated IBP reduc-
tion tools mentioned above, in combination with the knowledge about master
integrals that lie in the function class of multiple polylogarithms (MPLs) [559–
561], see Section 3.2.1. The situation can change drastically when massive
propagators are involved. In such cases the functions required for an analytic
representation of the integrals may involve integrals of elliptic type, and these
functions are much less understood than generalised polylogarithms, at least
in the context of perturbative quantum field theory. In fact, already in 1962
new functions of elliptic type were discovered in the calculation of the two-loop
corrections to the electron propagator in QED with massive electrons [592].
They can be described as iterated integrals on a complex surface of genus one,
i.e. a torus [593–596]. The importance of these functions for higher order per-
turbative calculations involving heavy particles such as top quarks or massive
vector bosons has been discovered more recently [597–616, 573, 617–621, 587].
Elliptic MPLs also appear in the calculation of one-loop scattering amplitudes
in string theory [622–625]. Furthermore, an alternative formulation of elliptic
MPLs, defined by a polynomial equation instead of on a torus, has been pro-
posed [626–628], which has made it possible to compute multi-loop Feynman
integrals that were considered out of reach previously [629, 630].
Among prominent phenomenological applications of elliptic integrals are the
analytic results for the complete set of 2-loop master integrals entering Higgs+jet
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production at NLO with full top quark mass dependence [631, 161, 632, 94], the
three-loop corrections to the ρ parameter with non-vanishing b-quark mass [633–
635], where Ref. [635] provides a closed analytic form, or the two-mass contri-
butions to 3-loop massive operator matrix elements entering Wilson coefficients
in deeply inelastic scattering [636–641], see also Ref. [642] for an overview of
methodology.
Reviews of recent work related to elliptic functions and modular forms can
be found in Refs. [643, 620].
3.2.3. Multi-loop results
Going beyond two loops, important progress has been made at three loops
including several mass scales, which often involve elliptic integrals, see above,
other recent multi-scale three-loop examples are the on-shell quark mass and
wave function renormalisation constants allowing for a second non-zero quark
mass [644], the N3LO corrections to Higgs production via bottom quark fu-
sion [24], the N3LO corrections to charged-current Drell-Yan production [33] or
the three-loop integrals for massless four-particle scattering [582].
At four (and partly five) loops, impressive results have been achieved in
the calculation of the four-loop cusp anomalous dimension, contributions to the
N3LO splitting functions or the calculation of matching coefficients in heavy
quark effective field theory, see e.g. Refs. [477, 645–657, 493, 494, 658–660, 495,
583, 661, 496, 21, 662–664].
Other multi-loop highlights are the five-loop QCD beta-function [665–668],
the R-ratio for e+e− to hadrons at N4LO [38–40, 42] or the five-loop contribu-
tions to the anomalous magnetic moment of the electron [669–672].
Results at six and more loops also have been achieved for single-scale di-
agrams, see e.g. Refs. [673–678], where Ref. [678], going up to 17 loops for a
certain class of diagrams, employs a new method using elements from tropical
geometry [679, 680] and geometric sector decomposition [681–684]. Other exam-
ples are the six-gluon MHV and NMHV amplitudes in N = 4 Super-Yang-Mills
theory up to seven and six loops, respectively [512].
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Finally, the database Loopedia [685, 686] should be mentioned, which is
a search engine for integrals calculated in the literature, where the user can
specify the topology to search for existing results for the given type of Feynman
diagram.
3.2.4. Parametric representations
The advantage of parametric representations of Feynman integrals is that the
integration over loop momenta in D dimensions is carried out analytically in a
universal way, such that the remaining integrations only involve scalar objects
in Minkowski space. The Baikov representation does not introduce additional
parameters, however it involves a transformation of the integration over D-
dimensional loop momenta into an integration over kinematic invariants.
Our starting point is an L-loop integral as given in Eq. (2),
G(ν1 . . . νN ) =
∫ L∏
l=1
dDkl
ipi
D
2
N∏
j=1
1
P
νj
j ({k}, {p},m2j )
, (24)
where the propagator powers νj need not all be positive. Multi-loop integrals
can be transformed into integrals over Feynman or Schwinger parameters for an
arbitrary number of loops. In order to keep the index structure simple, we focus
on integrals with no Lorentz tensors containing loop momenta in the numerator
here. Their inclusion is straightforward.
Schwinger parametrisation
Consider the integral of Eq. (24), where for simplicity of notation we will
assume that all propagator powers are positive. The case of additional negative
indices will be treated later.
We can introduce a so-called Schwinger parameter α associated to each prop-
agator Dν using the relation
1
Dν
=
(−1)ν
Γ(ν)
∫ ∞
0
dααν−1 exp (αD) , ν > 0 . (25)
Then the integral can be written as
G(ν1 . . . νN ) =
L∏
l=1
∫
dDkl
ipi
D
2
N∏
j=1
(−1)νj
Γ(νj)
∫ ∞
0
dαj α
νj−1
j exp
(
N∑
k=1
αkDk
)
. (26)
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The argument of the exponential function is a quadratic form in the (L ×D)-
dimensional space of loop momenta, i.e.
N∑
k=1
αkDk =
L∑
j,l=1
kj · klMjl − 2
L∑
j=1
kj ·Qj + J + iδ ,
where kj · kl denotes the scalar product of two D-dimensional Lorentz-vectors.
After the shift kj = lj + M
−1
jl Ql we can use Gaussian integration in L × D
dimensions to obtain
L∏
l=1
∫
dDkl
ipi
D
2
exp
(
N∑
k=1
αkDk
)
= (detM)
−D2 exp
− L∑
j,l=1
Qj ·QlM−1jl + J + iδ
 .
(27)
Using
U = det(M) , Nν =
N∑
j=1
νj , F = det(M)
 L∑
i,j=1
QiM
−1
ij Qj − J − iδ
 ,
(28)
we arrive at
G(ν1 . . . νN ) = (−1)Nν
N∏
j=1
 1
Γ(νj)
∞∫
0
dαj α
νj−1
j
 U−D2 exp(−FU
)
. (29)
The graph polynomials U(~x) and F(~x, sij ,m2i ) are also called first and second
Symanzik polynomial. U and F are homogeneous of degree L and L + 1, re-
spectively.
Feynman parametrisation
Feynman- and Schwinger parametrisations are equivalent to each other.
Starting again with an integral of the form Eq. (24) and using
N∏
j=1
1
P
νj
j
=
Γ(Nν)
N∏
j=1
Γ(νj)
∫ ∞
0
 N∏
j=1
dxj x
νj−1
j
 δ(1− N∑
i=1
xi) , (30)
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the integral has the form
G(~ν) =
Γ(Nν)
N∏
j=1
Γ(νj)
∫ ∞
0
N∏
j=1
dxj x
νj−1
j δ(1−
N∑
i=1
xi)
×
∫ ∞
−∞
dκ1 . . . dκL
 L∑
j,l=1
kj · klMjl − 2
L∑
j=1
kj ·Qj + J + iδ
−Nν ,
where κl = d
Dkl/(ipi
D
2 ). After momentum integration, this leads to
G(~ν) =
(−1)Nν∏N
j=1 Γ(νj)
Γ(Nν − LD/2)
∞∫
0
N∏
j=1
dxj x
νj−1
j δ(1−
N∑
l=1
xl)
UNν−(L+1)D/2
FNν−LD/2 .
(31)
Negative indices, i.e. propagators in the numerator, can be treated using
the identity
Pn(∑N
i=1 xjPj
)α+1 = − 1α ∂∂xn 1(∑N
i=1 xjPj
)α , (32)
where n ≤ N . Denoting the positive propagator powers by ν˜j and the negative
ones by νˆj , and defining the set J˜ of labels belonging to positive powers and Jˆ
as its complement with respect to N , we can write down a generalisation of the
Feynman parametrisation formula, Eq. (30), as∏
j∈Jˆ
P
νˆj
j∏
j∈J˜
P
ν˜j
j
=
Γ(Nν)∏
j∈J˜
Γ(ν˜j)
∫ ∞
0
∏
j∈J˜
dxj x
ν˜j−1
j
 δ(1− N∑
i=1
xi)
∏
n∈Jˆ
(
− ∂
∂xn
)νˆn ( N∑
i=1
xiPi
)−Nν
.
(33)
Lee-Pomeransky representation
Apart from the Schwinger representation, there is a closely related represen-
tation derived by Lee and Pomeransky [525]:
G(ν1 . . . νN ) =
(−1)NνΓ (D/2)
Γ ((L+ 1)D/2−Nν)
∏
j Γ (νj)
∞∫
0
N∏
j=1
dzj z
νj−1
j (U + F)−D/2 .
(34)
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It can be proven to be equivalent to the form given in eq. (31), by inserting
1 =
∫∞
0
dη δ(η −∑Nj=1 zj), substituting zj = η xj and using the integral repre-
sentation of the Euler Beta-function. It can be advantageous for example as a
starting point for the method of expansion by regions [425, 687], as it defines
the integral in terms of just one polynomial raised to some power instead of two.
Baikov representation
A quite different representation for multi-loop integrals is the one introduced
by Baikov [524]. In this representation the integration over the loop momenta
is transformed into an integration over Lorentz invariants formed by L loop mo-
menta ki and external momenta p1, . . . , pE . Following the notation of Ref. [688]
we define
sij = sji = ki · qj ; i = 1, . . . , L; j = 1, . . . ,K, (35)
where q1, . . . , qL = k1, . . . , kL, qL+1, . . . , qL+E = p1, . . . , pE , and K = L + E.
Then we replace the integration over the loop momenta by the integration over
sij , 1 6 i 6 L, i 6 j 6 K . (36)
Assuming that the denominators D1, . . . , DM are linearly independent, we can
choose N − M irreducible numerators DM+1, . . . DN . The resulting formula
reads
G(ν1 . . . νN ) =
pi(L−N)/2S(E+1−D)/2E
[Γ((D − E − L+ 1)/2)]L
×
∫  L∏
i=1
L+E∏
j=i
dsij
S(D−E−L−1)/2 N∏
j=1
D
−νj
j , (37)
where
[Γ(x)]L ≡ Γ(x) Γ(x− 1) . . .Γ(x− L)
and ν(j>M) < 0. The quantities S and SE come from the Jacobian of the
variable transformation and have the form
S = det
{
sij |i,j=1...L+E
}
, SE = det
{
sij |i,j=L+1...L+E
}
.
55
The functions Dj are linear functions of the variables sij , so that∏L
i=1
∏L+E
j=i dsij ∝ dD1 . . . dDN . Thus, we have
G (~ν) ∝
∫  N∏
j=1
D
−νj
j dDj
 P (D−E−L−1)/2,
where P (D1, . . . DN ) is obtained from S by expressing sij via D1, . . . DN and
is often called Baikov polynomial.
An advantage of the Baikov representation is that it is conveniently used for
recurrence relations in the dimension D, because apart from trivial functions
only the Baikov polynomial P depends on D. Furthermore, it makes the cuts
of an integral (putting propagators on-shell) more manifest.
Construction of the functions F and U from topological rules
The functions U and F can also be constructed from the topology of the
corresponding Feynman graph as follows [689]:
Cutting L lines of a given connected L-loop graph such that it becomes a
connected tree graph defines a 1-tree T . For each 1-tree T we define a chord C(T )
as being the set of lines not belonging to this 1-tree. The Feynman parameters
associated with each chord define a monomial of degree L. The set of 1-trees is
denoted by T1. To obtain U , we multiply the Feynman parameters belonging to
a chord C(T ) for each 1-tree T ∈ T1:
U(~x) =
∑
T∈T1
[ ∏
j∈C(T )
xj
]
. (38)
Cutting one more line of a 1-tree leads to two disconnected trees, or a 2-tree
Tˆ ∈ T2, where T2 is the set of all such 2-trees. The corresponding chords (set of
lines not belonging to this 2-tree) define monomials of degree L+1. Each 2-tree
of a graph corresponds to a cut defined by cutting the lines which connected
the two now disconnected trees in the original graph. The momentum flow
through the lines of such a cut defines a Lorentz invariant sTˆ = (
∑
j∈Cut(Tˆ) pj)
2.
The function F0 is the second Symanzik polynomial of a graph with massless
propagators. F0 is given by the sum over all such monomials in C(Tˆ ) times the
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corresponding invariant “flowing through” the cut times minus one. If masses
are present in the propagators, one gets an additional term proportional to U .
F0(~x) =
∑
Tˆ∈T2
[ ∏
j∈C(Tˆ )
xj
]
(−sTˆ ) ,
F(~x) = F0(~x) + U(~x)
N∑
j=1
xjm
2
j . (39)
3.2.5. Mellin-Barnes representation
Mellin-Barnes representations have been very successful for obtaining the
first analytic results for two-loop box integrals, for the planar case [690, 691] as
well as the non-planar case [692]. Two-loop box integrals with massive prop-
agators also have been calculated based on Mellin-Barnes representations, for
example some planar master integrals entering Bhabha scattering [693, 694],
however more recently the method of differential equations has been used to
calculate such integrals [695, 696, 577, 697–700]. Packages to generate Mellin-
Barnes representations automatically have been constructed in Refs. [701–703]
and applied successfully, in particular in combination with numerical evalua-
tions, see Section 3.3.1.
The basic formula underlying the Mellin-Barnes representation of a (multi-)
loop integral with denominators D1, . . . , Dn reads
(D1 +D2 + ...+Dn)
−λ
=
1
Γ(λ)
1
(2pii)
n−1
c+i∞∫
c−i∞
dz1...
c+i∞∫
c−i∞
dzn−1 (40)
× Γ(−z1)...Γ(−zn−1)Γ(z1 + ...+ zn−1 + λ) Dz11 ...Dzn−1n−1 D−z1−...−zn−1−λn .
Each contour is chosen such that the poles of Γ(−zi) are to the right and the
poles of Γ(. . .+ z) are to the left.
The representation in Eq. (40) can be used to convert the sum of monomi-
als contained in the functions U and F into products, such that all Feynman
parameter integrals become integrations over Γ-functions. However, we are
still left with the complex contour integrals. The latter can be performed by
closing the contour at infinity and summing up all residues which lie inside
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the contour. In general this procedure leads to multiple sums over hypergeo-
metric expressions. Several techniques and packages have been developed to
manipulate these sums, see e.g. Refs. [704, 705, 642, 706, 707] and the pro-
grams Summer [708], nestedsums [709], XSummer [710], HarmonicSums [711],
SumProduction or EvaluateMultiSums [712, 713], the latter two being built
on Sigma [714, 712].
In simple cases the contour integrals can be performed in closed form with
the help of two lemmata by Barnes [715]. Barnes’ first lemma states that
1
2pii
i∞∫
−i∞
dz Γ(a+ z)Γ(b+ z)Γ(c− z)Γ(d− z) = Γ(a+ c)Γ(a+ d)Γ(b+ c)Γ(b+ d)
Γ(a+ b+ c+ d)
if none of the poles of Γ(a+z)Γ(b+z) coincide with the ones from Γ(c−z)Γ(d−z),
Barnes’ second lemma reads
1
2pii
i∞∫
−i∞
dz
Γ(a+ z)Γ(b+ z)Γ(c+ z)Γ(d− z)Γ(e− z)
Γ(a+ b+ c+ d+ e+ z)
=
Γ(a+ d)Γ(b+ d)Γ(c+ d)Γ(a+ e)Γ(b+ e)Γ(c+ e)
Γ(a+ b+ d+ e)Γ(a+ c+ d+ e)Γ(b+ c+ d+ e)
. (41)
For further details we refer to Refs. [434, 703].
3.2.6. Direct integration
The direct evaluation of Feynman integrals in parameter space can become
very cumbersome with increasing numbers of parameters. However, this ap-
proach has seen major progress due to the work of Brown [716] and Panzer [717],
who introduced the concept of linear reducibility. It can be applied to Feynman
integrals where the integrand can be successively linearised in one of the inte-
gration parameters. This procedure leads to multiple polylogarithmic functions,
and the program HyperInt [718] automates the iterative integration over the
parameters occurring linearly. However, if a linear factorisation can only be
achieved at the expense of introducing algebraic roots for remaining integration
variables, this method is not viable, and it is usually a sign that the integral
can not be expressed in terms of MPLs.
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In Ref. [719] it has been observed that in many cases the irreducible square
roots appear only in the integration with respect to the last parameter. When
the inner integration kernel depends on one elliptic curve and no other algebraic
functions, this class of Feynman integrals can be algorithmically solved in terms
of elliptic MPLs, and is called linearly reducible elliptic Feynman integral in
Ref. [719].
In Ref. [720], the criterion of linear reducibility was used to show that a com-
plete solution in terms of standard MPLs can be obtained even in the presence
of unrationalisable symbol letters. This was shown in the context of calculating
the two-loop master integrals for the mixed EW-QCD corrections to Drell-Yan
lepton pair production in the physical region, see also Refs. [721, 488].
Rationalising all occurring square roots by a suitable variable change is cru-
cial, and the program RationalizeRoots [722] offers an automated procedure.
In Ref. [723], a rigorous definition of rationalisability for square roots of ratios
of polynomials is given and it is shown that the problem of deciding whether a
single square root is rationalisable can be reformulated in geometrical terms.
Furthermore, an algebraic structure known as coaction has recently played
an interesting role in understanding the analytic structure of Feynman diagrams
that are expressible in terms of MPLs. The coaction can be seen as a math-
ematical operation that exposes properties of MPLs through a decomposition
into simpler functions. In particular, since the coaction is naturally compati-
ble with the actions of differential operators and taking discontinuities across
branch cuts, it captures information about discontinuities. Therefore it can be
useful as a computational tool [724–726].
3.2.7. Asymptotic expansions
A systematic approach to the expansion of Feynman integrals in various
limits, characterised by a scaling parameter which is small in each limit, is the so-
called expansion by regions. The method has been pioneered in Refs. [425, 687],
where it was formulated in terms of the momenta involved in a loop integral.
Later it was also formulated in Feynman parameter space, where it allows a
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geometric interpretation [727–730]. A remarkable feature of this method is that
in most cases, it allows to reproduce the exact result for the original integral if all
regions are identified correctly and summed up, even though the integrations in
the various regions are performed over the full integration domain. In Ref. [731],
the relations between the expanded integrals and the original integral have been
investigated in detail, with the aim to clearly identify the conditions under which
the original integral can be correctly reproduced by summing over the individual
regions. It was shown that overlap contributions usually yield scaleless integrals
which can be set to zero if they are regulated appropriately.
Still, the strategy of regions has not been proven strictly mathematically, in
particular in the presence of Glauber or potential regions [732], or more generally
in cases where the graph polynomials can change sign. Nonetheless, the method
has been extremely useful in a multitude of calculations so far, see e.g. [733, 315]
for further references. Characterising the method by a statement from Ref. [734]:
“Although this strategy certainly looks suspicious for mathematicians it was
successfully applied in numerous calculations. It has the status of experimental
mathematics and should be applied with care”. The method also has been
implemented in the code asy2.m [732] which is part of the program Fiesta [735,
736].
3.3. Numerical methods: overview
3.3.1. Numerical Mellin-Barnes integration
Mellin-Barnes representations as discussed in Section 3.2.5 also have been
used as a starting point for a subsequent numerical evaluation of the integral.
In the Euclidean region, this has been developed first in Ref. [701] and
implemented in the package MB.m, which can resolve singularities, expand in
dimensional and analytic regulators, perform an asymptotic expansion, add
up residues in terms of multi-fold sums (see also Ref. [737]) and numerically
evaluate the integrals in the Euclidean region. The program can be found
on the hepforge database MB Tools [738], together with further packages,
for example MBresolve.m [703], a tool realising another strategy of resolving
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singularities of Mellin-Barnes integrals, as well as AMBRE [702, 739–741] and
barnesroutines.m [742]. The numerical evaluation of Mellin-Barnes integral
representations with physical kinematics has been brought forward in Ref. [743]
for massless integrals. However, as has been shown in Ref. [701], massive prop-
agators lead to an oscillatory behaviour of the integrand which complicates the
numerical integration. Nonetheless, numerical Mellin-Barnes integration in the
physical region has seen significant progress recently [741, 742, 744–746], and
has been applied to calculate electroweak pseudo-observables and Z-boson form
factors at two-loop accuracy [747–749]. An interesting development is presented
in Ref. [750], where the “method of brackets” [751] has been extended to produce
low-dimensional MB representations, applicable to both planar and non-planar
Feynman diagrams.
3.3.2. Numerical solutions of differential equations
Differential equations are a very powerful tool to achieve analytic represen-
tations of multi-loop Feynman integrals, as has been explained in Section 3.2.1.
However, numerical solutions of differential equations also have been used suc-
cessfully to evaluate Feynman integrals, and they offer interesting possibilities
for future developments.
Early work on numerical solutions of differential equations for massive two-
loop self-energy diagrams can be found in Refs. [752–755]. In the case of massive
two-point functions, there is only one kinematic invariant p2 in addition to
the internal masses. Choosing the boundary value p2/m2 = 0, the boundary
integrals reduce to vacuum integrals which usually can be evaluated analytically.
The numerical integration will fail if the integrand vanishes on the real axis,
for example due to thresholds. As these singularities are in general integrable,
a deformation of the integration contour into the complex plane can be used to
achieve numerical convergence. The numerical evaluation of differential equa-
tions for massive two-loop self-energy integrals has been implemented in the
public programs TSIL [756] and BoKaSun [757].
Recent programs to tackle massive one- and two-point functions up to three
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loops are TIVD [758–760] and 3VIL [761]. In addition to numerical solutions
of differential equations, these programs partly use the numerical evaluation of
dispersion relations [599, 600] as well as a combination of (partial) analytic and
numerical integrations based on ideas outlined in Ref. [762].
Numerical solutions of differential equations for multi-scale integrals have
been pioneered in Refs. [763–765], in the context of two-loop integrals entering
top quark pair production at NNLO. For the boundary conditions, the high-
energy limit has been employed, i.e. an expansion in the parameter m2t/k, where
k ∈ {s, |t|, |u|} is large compared to m2t . Choosing the high-energy limit for the
boundary conditions has the advantage that no physical threshold is crossed
when integrating the system from the boundary to a physical kinematic point.
However, spurious singularities still need to be avoided by contour deformation.
Further, in the subleading colour contributions, there is a Coulomb singularity
due to exchange of a Glauber gluon between the top quarks, which needs to
be treated by resummation in order to achieve a reliable result. The method
developed along these lines led to the successful calculation of tt¯ production in
hadronic collisions at NNLO accuracy [766] as well as the 3-loop Higgs-gluon
form factor with full quark mass dependence [74].
Calculating integrals via numerical solutions of differential equations has the
advantage that, in constrast to multi-loop Feynman integrals, the integrals are of
low dimensionality and therefore can be evaluated efficiently and with high pre-
cision. However, the approach relies on a successful reduction of the amplitude
to a basis of master integrals, which may not be easily achieved for multi-loop
multi-scale problems. Further, it relies on the fact that the boundary terms can
be obtained to high precision with some (analytic or numerical) method, which
is not self-understood for problems of high complexity, even though they involve
less scales.
Another powerful strategy to solve differential equations for Feynman inte-
grals by series expansions near singular points has been developed in Refs. [767,
768], see also [516]. This work also inspired further progress in the semi-
numerical evaluation of two-loop integrals with massive propagators which are
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known to contain elliptic functions [719, 769, 770, 94].
In Ref. [770], an approach has been developed which solves differential equa-
tions numerically and uses boundary conditions at Euclidean points, obtained
by sector decomposition. As the initial conditions are in the unphysical region,
a suitable integration contour has to be found to continue result to the phys-
ical region. This procedure requires the knowledge of the singular points and
therefore is not easily automated.
3.3.3. Four-dimensional methods
Infrared singularities as we encounter them in perturbative calculations in-
volving massless particles are a consequence of the fact that we calculate with
final states of a fixed number of particles, distinguishing quantum states in-
volving n particles from quantum states with with n plus a number of soft
or collinear particles, even though they are physically equivalent. The use of
dimensional regularisation for both virtual and real corrections allows to deal
with these “spurious” singularities in a gauge- and Lorentz invariant as well as
algorithmic way. However there are many obstacles related to calculations in D
dimensions, in particular beyond the next-to-leading order in perturbation the-
ory, ranging from the question of a consistent treatment of γ5 to the necessity of
complicated subtraction schemes for IR divergent real radiation at NNLO and
beyond. Therefore it seems natural to investigate whether perturbative calcula-
tions can be formulated differently, performing the summation over degenerate
soft and collinear states at integrand level, such that the singularities cancel
before they would show up explicitly as 1/–poles, which allows to calculate
entirely in the four physical space-time dimensions. Of course this also requires
the subtraction of UV divergences at integrand level. A summary of recent de-
velopments about various approaches in D versus four dimensions can be found
in Refs. [771–773].
The idea to cancel the singularities at integrand level and to perform all the
integrations as a phase space integral numerically goes back to Dave Soper [774,
775], and a similar approach has been pursued to calculate NLO amplitudes
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numerically by several groups [776–783]. Methods to calculate one-loop integrals
in a parameter representation numerically also have been worked out [784–792],
partially with extensions beyond one loop [793, 794, 786, 743, 45, 795–798], see
also Sections 3.3.4 and 3.4 for more details. A four-dimensional subtraction
scheme operating on two-loop diagrams has been worked out in Ref. [799] and
extended to operate on amplitude level in QED in Ref. [800].
The direct numerical integration over loop momenta has been further devel-
oped by various groups, in particular using loop-tree duality [776, 778, 796, 801–
807]. Methods based on loop-tree duality have seen very rapid progress re-
cently [808–818]. As these methods exploit the Cauchy residue theorem to
reduce the dimension of the loop integrations, and do not require the introduc-
tion of Feynman parameters, their complexity exhibits a very favourable scaling
with increasing number of loops. The so-called Four-Dimensional Unsubtraction
(FDU) method has been developed in Refs. [803, 805, 806, 809], whose aim is to
combine real and virtual corrections into a single, numerically stable integral,
thus avoiding the need for IR subtractions.
Alternative representations based on loop-tree duality have been proposed
in Refs. [810, 814, 811, 812, 815], where in Refs. [812, 815], the Cauchy residue
theorem is applied iteratively, which requires keeping track of the position of
the poles in the complex plane. In Refs. [816–818], a new strategy is proposed
to generalise loop-tree-duality, showing that it leads to integrand representa-
tions which are manifestly free of non-causal singularities to all orders. Explicit
applications to four-loop diagrams, including non-planar topologies, are shown
in Ref. [818].
Among four-dimensional methods where two-loop applications already have
been achieved is also the Four-Dimensional Regularisation/Renormalisation (FDR)
approach [819–824], which subtracts UV divergences at integrand level and re-
gulates IR singularities by a dimensionful scale in the propagators.
Another four-dimensional method is FDF, a Four-Dimensional Formulation
of dimensionally regulated amplitudes where the (D − 4)-dimensional compo-
nents are mapped to terms related to mass terms [825]. This scheme is par-
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ticularly suited for the unitarity-based construction of D-dimensional one-loop
amplitudes.
An important ingredient for two-loop amplitudes constructed from on-shell
cuts in four dimensions are the so-called rational parts R2, which, in dimensional
regularisation, are attributed to O() terms hitting UV poles in individual di-
agrams1. The first calculation of the full set of two-loop rational counterterms
in Yang-Mills theories has been presented in Refs. [826, 827].
3.3.4. Other methods
In this section, a selection of other numerical methods is presented, which
were very successful in particular applications but are less widely used so far,
mostly because they are more tailored to a particular application, see also
Ref. [553] for an overview.
Bernshtein-Sato-Tkachov method and related approaches
Techniques for the numerical calculation of two-loop three-point functions
with several mass scales based on the Bernshtein-Sato-Tkachov (BST) Theo-
rem [828–830] have been developed in Refs. [784, 831–833, 454, 834–836] and
applied to calculate the complete electroweak corrections to Higgs boson pro-
duction at hadron colliders [78] and the decay of a Higgs boson into two pho-
tons [837].
The basic idea of the BST theorem can be explained easiest by looking at
Eq. (31), the representation of a loop integral after the introduction of Feyn-
man parameters. The polynomial F carries information about the kinematic
singularities such as thresholds. The numerical integration of such singularities
(in the case where they are integrable), will be more difficult the more negative
the power of F in the integrand is. Therefore trying to increase the power of
1However, we should point out that amplitudes which are UV finite, such as the 4-photon
amplitude, also can have rational parts, as the UV poles occurring at intermediate stages of
the calculation cancel, while the O() terms multiplying the poles are dependent on different
kinematic invariants and therefore do not cancel.
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F is a good strategy. At one-loop, F is a quadratic polynomial in the Feyn-
man parameters. In this case, a differential operator can be defined [829] which
increases the power of F (denoted generically by −b− ):
F−b− = 1
B
[
1− (~x+
~A)>~∂x
2(1− b− )
]
F−b−+1 , (42)
where (see also eq. (28))
B = J − ~Q>M−1 ~Q , ~A =M−1 ~Q . (43)
This operation can be repeated until the form F− in the integrand is achieved.
The numerical integration over logarithmic singularities is usually well-behaved.
Potential IR singularities should be extracted beforehand. In Refs. [831, 834]
this has been achieved using sector decomposition or Mellin-Barnes representa-
tions.
The application of the BST theorem beyond one-loop faces difficulties be-
cause the polynomial F is not a quadratic form in the Feynman parameters
anymore. Nonetheless, the theorem can be applied to one-loop subdiagrams
based on a loop-by-loop Feynman parametrisation. Applying this operation re-
peatedly, sometimes assisted by analytic integrations of simpler subexpressions,
again an at most logarithmic singularity behaviour can be achieved [833, 834],
see also Ref. [838] for recent developments regarding the extension to two loops.
The main problems of the BST-approach are related to the factors B in the
denominator generated by Eq. (42). They can become very small in the vicinity
of certain kinematic configurations corresponding to physical or spurious singu-
larities. These singularities are usually tamed by expressions in the numerator
which go to zero when such a limit is approached. However, depending on the
organisation of the various terms, this can lead to very large numerical cancella-
tions. Methods to overcome this problem, for example by an expansion around
B = 0 or a modified BST-relation, have been worked out in Refs. [831, 833, 839].
While these methods work very well for the two-loop vertex calculations they
have been applied to, they are difficult to generalise to problems with more legs
66
or loops, where the number of Feynman parameters and thus the dimension of
the numerical integrations is increased.
A general approach to calculate two-loop integrals by doing the integration
over Feynman parameters partially analytically and partially numerically has
been proposed in Refs. [840, 841]. It makes use of a relation similar to the
BST-relation (42) as part of the two-loop integrations. The remaining numer-
ical integrations then have a relatively low dimensionality and therefore are
computationally less costly.
Expansions
The program TayInt [842] also tries to find an ideal compromise between
analytic and numerical integration parts. It operates on quasi-finite integrals
in the Feynman parameter representation and first performs sector decomposi-
tion to obtain parameter integrals which are in a convenient form. Conformal
mappings and partitionings of the integrand are used before the integrand is
Taylor expanded in the Feynman parameters. To deal with thresholds, a vari-
able transformation which implements the correct analytic continuation of the
integrand to the complex plane is performed, which requires integration over
one parameter before the Taylor expansion. The method has been applied to
non-trivial two-loop examples with several mass scales.
Asymptotic expansions of Feynman amplitudes at integrand level within the
loop-tree duality formalism have been presented recently in Refs. [843, 844].
In the context of expansions, the method developed in Refs. [845, 94, 584],
already described in Section 3.2.1 and also applied in Ref. [451], should be men-
tioned again. It operates on systems of differential equations and parametrises
the integrals along line segments, which allow to find solutions in terms of trun-
cated one-dimensional series expansions. It by far outperforms purely numerical
methods in precision and speed.
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Direct Computation Method
Numerical methods to evaluate multi-loop integrals without the need to
introduce contour deformation have been developed in Refs. [846, 791, 797, 847–
849]. The so-called “Direct Computation Method” (DCM) relies on the fact that
threshold singularities can be regulated by introducing a “finite width” using
the replacement
m2 → m2(1− iρ) . (44)
For non-zero and not too small values of ρ, a relatively fast convergence of the
integral can be achieved. The art is to devise an extrapolation method such that
the series of integrals for ρ → 0 converges to the correct value while keeping
the computation time low. For the latter purpose, Quasi-Monte-Carlo integra-
tion based on rank-one lattice rules has been employed [850] (see also Section
3.4.6). In the presence of UV or IR divergences, the dimensional regularisation
parameter  is also kept finite, and a double extrapolation method is used [851].
A method based on the replacement (44) and subsequent extrapolation ρ→
0 also has been adopted in Refs. [295, 296] to calculate gluon fusion into Higgs
pairs at NLO QCD with full top quark mass dependence. For the extrapolation,
the method of Richardson [852] has been employed.
3.4. Sector decomposition
Sector decomposition as it is used today is a constructive method to isolate
endpoint singularities in dimensional regularisation. The coefficients of the re-
sulting Laurent series in  are finite parameter integrals which lend themselves
to numerical integration.
Some history
The idea of sector decomposition goes back to Hepp [853] (see also Speer [854,
855]) to analyse the ultraviolet (and infrared) convergence of Feynman integrals
in Euclidean space in order to prove renormalisation theorems established by
Bogoliubov, Parasiuk, Hepp and Zimmermann [856, 853, 857]. A recursive so-
called R-operation has been defined which subtracts appropriate counter-terms
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from a Feynman graph in order to render it UV finite. It also has been partly
used in modern formulations of renormalisation theorems [858–860].
However, in quantum field theories involving massless particles, infrared (IR)
divergences are also present.2 Early work to define IR finite Green’s functions
can be found e.g. in Refs. [861, 862, 855, 863]. For reviews of these methods we
refer to Refs. [425, 864, 733].
A highly algorithmic way to subtract IR singularities in Euclidean space has
been developed as the so-called R?-operation [865–869]. In Refs. [868, 870] the
R?-operation has been extended to Feynman graphs of arbitrary tensorial rank,
serving to calculate the 5-loop beta-function [666, 668], see also Refs. [871, 872,
667]. In Ref. [869] the Hopf-algebraic structure of the R?-operation is elucidated.
The first phenomenological application of sector decomposition in Minkowski
space can be found in Ref. [873], where it has been employed to extract loga-
rithmic mass singularities from multi-scale two-loop integrals in the high energy
limit. In Refs. [874, 875] it also has been applied successfully in the context of
electroweak corrections.
In Ref. [793], the concept of sector decomposition has been elaborated into
an automated algorithm, allowing to isolate end-point singularities of UV as
well as IR nature in the context of dimensional regularisation. The original
iterative algorithm is described in detail in Refs. [793, 876], here we only sketch
it and focus on the more recent developments.
3.4.1. Basic concept of sector decomposition
To introduce the basic concept of sector decomposition, let us look at the
simple example of a two-dimensional parameter integral of the following form:
I =
∫ 1
0
dx
∫ 1
0
dy (x+ y)−2+ . (45)
The integral contains a singular region where x and y vanish simultaneously, i.e.
the singularities for x → 0 and y → 0 are overlapping. Our aim is to factorise
2We will use “infrared” divergences to denote both soft and collinear divergences. In
Euclidean space, only soft IR divergences are present.
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these singularities. Therefore we divide the integration range into two sectors
where x and y are ordered (see Fig. 7)
I =
∫ 1
0
dx
∫ 1
0
dy (x+ y)−2+ [Θ(x− y)︸ ︷︷ ︸
(1)
+ Θ(y − x)︸ ︷︷ ︸
(2)
] .
Now we substitute y = x t in sector (1) and x = y t in sector (2) to remap the
integration range to the unit square and obtain
y
x
−→ + −→(2)
(1)
+
y
x
t
t
Figure 7: Sector decomposition schematically.
I =
∫ 1
0
dxx−1+
∫ 1
0
dt (1 + t)−2+ +
∫ 1
0
dy y−1+
∫ 1
0
dt (t+ 1)−2+
= 2
∫ 1
0
dxx−1+
∫ 1
0
dt (1 + t)−2+ . (46)
We observe that the singularities are now factorised such that they can be read
off from the powers of simple monomials in the integration variables, while the
remaining polynomial goes to a constant if the integration variable t approaches
zero. The same concept can be applied to N -dimensional parameter integrals
over polynomials raised to some power, as they occur for example in Feynman
integrals, where the procedure in general has to be iterated to achieve complete
factorisation. This iteration can lead to a large number of subsector integrals,
which is the main drawback of sector decomposition.
3.4.2. Decomposition algorithms
The decomposition algorithms for loop integrals operate on the representa-
tion of an integral with L loops in D dimensions in terms of Feynman parame-
ters, as introduced in Section 3.2.4,
G(~ν) = (−1)Nν Γ(Nν − LD/2)∏N
j=1 Γ(νj)
N∏
j=1
∞∫
0
dxj x
νj−1
j δ(1−
N∑
i=1
xi)
UNν−(L+1)D/2
FNν−LD/2 .
(47)
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The Euclidean region is defined as the kinematic region where all kinematic
invariants sij are negative and all masses m
2
i are positive or zero. In this region
the polynomial F is a positive semi-definite function of the Feynman para-
meters. The polynomial U does not depend on the kinematics and therefore is
always positive semi-definite. The graph polynomials can vanish when subsets
of the Feynman parameters go to zero. In the Euclidean region, such end-point
singularities are the only source of singularities (apart from overall singularities
residing in the prefactor composed of Γ-functions).
Zeroes of the U-polynomial can lead to UV divergences, which can be under-
stood from the fact that increasing the dimension D leads to a more negative
power of U . A necessary (but not sufficient) condition for IR divergences is
F = 0. Both types of end-point singularities are regulated by the dimensional
regularisation parameter .
For non-Euclidean kinematics, Feynman integrals can develop additional,
kinematic dependent singularities, such as threshold singularities, which are
usually integrable. This will be discussed in more detail in the context of contour
deformation in Section 3.4.4.
The iterative decomposition algorithm
The algorithm described below to achieve factorisation of the pole structure
in terms of monomials of Feynman parameters with negative powers is the
original one of Ref. [793].
1. Primary decomposition
Before the decomposition is started, we eliminate one of the Feynman
parameters using the constraint δ(1−∑Nl=1 xl). In the more general case
of decomposing polynomials where the integrand does not comprise such
a constraint, this step is absent.
The δ-constraint can be eliminated in two ways, either by the so-called
“primary sector decomposition” or by using the Cheng-Wu-theorem [877,
434]. The latter will be discussed later in the context of the geometric
decomposition method.
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For primary sector decomposition we decompose the integration over N
Feynman parameters into N sectors, where in each sector l, xl is largest
(note that the remaining xj 6=l are not further ordered):∫ ∞
0
dN~x =
N∑
l=1
∫ ∞
0
dN~x
N∏
j=1
j 6=l
θ(xl − xj) . (48)
The integral is now split into N domains corresponding to N integrals
Gl (from which we extract a common factor containing Γ-functions for
convenience),
G =
(−1)Nν∏
j Γ(νj)
Γ(Nν − LD/2)
N∑
l=1
Gl . (49)
In the integrals Gl we substitute
xj =

xltj for j < l
xl for j = l
xltj−1 for j > l
(50)
and then integrate out xl using the δ-distribution. As U ,F are homoge-
neous of degree L,L+1, respectively, and xl factorises completely, we have
U(~x) → Ul(~t )xLl and F(~x) → Fl(~t )xL+1l and thus, using
∫
dxl/xl δ(1 −
xl(1 +
∑N−1
k=1 tk)) = 1, we obtain
Gl =
1∫
0
N−1∏
j=1
dtj t
νj−1
j
 UNν−(L+1)D/2l (~t )
FNν−LD/2l (~t )
, l = 1, . . . , N . (51)
Note that the singular behaviour leading to 1/ -poles still comes from
regions where a set of parameters {ti} goes to zero. This feature would
be lost if the δ-distribution was integrated out in a different way, since
this would produce poles at upper limits of the parameter integral as well.
The N sectors generated this way are called primary sectors.
2. Iterations
Starting from Eq. (51) we repeat the following steps until a complete
separation of overlapping regions is achieved.
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(i) Determine a minimal set of parameters, say S = {tα1 , . . . , tαr}, such
that Ul, respectively Fl, vanish if the parameters of S are set to zero.
Note that S is in general not unique.
(ii) Decompose the corresponding r-cube into r subsectors by defining a
largest parameter in each subsector, not requiring complete ordering
of all parameters:
r∏
j=1
θ(1− tαj )θ(tαj ) =
r∑
k=1
r∏
j=1
j 6=k
θ(tαk − tαj )θ(tαj )θ(tαk) . (52)
(iii) Remap the variables to the unit hypercube in each new subsector by
the substitution
tαj →
 tαktαj for j 6= ktαk for j = k . (53)
This gives a Jacobian factor of tr−1αk . By construction tαk factorises
from at least one of the functions Ul, Fl. The resulting subsector
integrals have the general form
Gl =
1∫
0
N−1∏
j=1
dtj t
aj−bj
j
 UNν−(L+1)D/2l
FNν−LD/2l
. (54)
For each subsector the above steps have to be repeated as long as a set
S can be found such that one of the functions Ul or Fl vanishes if the
elements of S are set to zero. This way new subsectors are created in each
subsector of the previous iteration, resulting in a tree-like structure. The
iteration stops if the functions Ul or Fl contain a constant term, i.e. if
they are of the form
Ul = 1 + u(~t ) (55)
Fl = −s0 +
∑
β
(−sβ)fβ(~t ) ,
where u(~t ) are polynomials in the variables tj , fβ(~t ) are monomials in tj
and s0, sβ denote kinematic invariants or masses (appearing with positive
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sign). Thus, after a certain number of iterations, the integral is repre-
sented as a sum of subsector integrals where the endpoint singularities are
factored out. The singular behaviour of the integrand can be read off from
the exponents aj , bj of each subsector integral, see Eq. (54). The above
form, where the graph polynomials are of the form “constant plus some
function of the Feynman parameters”, will be called “standard form” in
the following. In Euclidean space, this form of the graph polynomials will
always be positive definite.
3. Extraction of the poles
To make the pole structure manifest, we apply a subtraction procedure
which for logarithmic poles, i.e. aj = −1 in Eq. (54), corresponds to the
“plus prescription” [878]. For each integration parameter tj we use
Ij = − 1
bj
Ij(0, {ti 6=j}, ) +
1∫
0
dtj t
−1−bj
j
(
I(tj , {ti 6=j}, )− Ij(0, {ti 6=j}, )
)
.
(56)
For poles which are higher than logarithmic (aj < −1), the procedure is
analogous, however the p-th order of a Taylor series around tj = 0 has to
be subtracted:
Ij =
|aj |−1∑
p=0
1
aj + p+ 1− bj
I(p)j (0, {ti 6=j}, )
p!
+
1∫
0
dtj t
aj−bj
j R(~t, ) ,
R(~t, ) = I(tj , {ti 6=j}, )−
|aj |−1∑
p=0
I(p)j (0)
tpj
p!
, (57)
I(p)j (0) =
∂p
∂tpj
I(tj , {ti 6=j}, )
∣∣∣
tj=0
.
By construction, the integral containing the remainder term R(~t, ) is finite
in the limit tj → 0. If aj < −1, for practical purposes it is advisable to use
integration by parts until the power is raised to aj = −1 before performing
the subtractions as outlined above. This increases the stability of the
numerical integration and avoids large expressions due to higher orders in
the Taylor expansion.
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The procedure is repeated for all integration variables, such that afterN−1
steps all poles are made manifest and the remaining finite expressions can
be expanded in  to obtain a Laurent series in . Since each loop can
contribute at most one soft and collinear 1/2 term, the highest possible
infrared pole of an L−loop graph is 1/2L. Expanding to order r, one
obtains
Gl =
2L∑
m=−r
Clm
m
+O(r+1) . (58)
The coefficients Clm are (N−1−m)–dimensional integrals over parameters
tj which are finite for tj → 0.
The geometric decomposition algorithm
The iterative decomposition algorithm described above suffers from the prob-
lem that in some cases an infinite recursion can occur. On the other hand, as
Feynman integrals (in integer dimensions) mathematically are objects known
as periods [879], it follows that decomposition strategies must exist which do
terminate. The first proof of this fact was presented in Ref. [880], where the de-
composition procedure was mapped to the mathematical problem of Hironaka’s
polyhedra game [881]. It allowed to define strategies that are mathematically
proven to terminate, but usually produce a large number of sectors. A related
strategy was implemented in Ref. [882]. A different approach based on convex
geometry was introduced by Kaneko and Ueda in Refs. [681–683]. A variant of
this algorithm which produces a low number of sectors has been worked out by
J. Schlenk [684, 883] and is implemented in the programs SecDec-3 [297] and
pySecDec [298].
In contrast to the iterative sector decomposition algorithm, where a primary
decomposition is performed, the Cheng-Wu theorem [877, 434] is used to inte-
grate out the Dirac–δ in Eq. (31). The Cheng-Wu theorem states that in Feyn-
man integrals over the xi from zero to infinity, the δ-distribution δ(1−
∑N
i=1 xi)
can be replaced by δ(1 −H(xi)) where H(xi) is a homogeneous function with
H(αxi) = αH(xi), without changing the value of the integral. In the geometric
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decomposition method implemented in pySecDec, the Cheng-Wu theorem is
used to replace the δ-distribution by δ(1−xN ). The method starts from Newton
polytope ∆ of the polynomial U ·F ·N = ∑mj=1, cjxvj , where N is a numerator
polynomial, and the multi-index notation xvj =
∏
i x
(vj)i
i is used. The Newton
polytope is a convex polytope where each vertex corresponds to a term of the
polynomial, so it is the convex hull of the (N −1)-dimensional exponent vectors
vj , ∆ = ConvHull(v1, . . . ,vm). Transforming to facet variables and aiming at
simplicial cones provides a decomposition of the graph polynomials to standard
form.
3.4.3. Public programs
The first implementations of the sector decomposition algorithm into a pub-
lic code can be found in sector decomposition [880] and early versions of
Fiesta [882, 884] and SecDec [885]. However, these implementations were
limited to the Euclidean region, where the integrand can only vanish at the end-
points of the Feynman parameter integrals. The restriction to Euclidean kine-
matics was lifted by combining sector decomposition with a method to deform
the multi-dimensional integration contour into the complex plane [775, 787, 886–
888]. The programs SecDec-2 [887, 889], Fiesta3/4 [735, 736], SecDec-
3 [297] and pySecDec [298, 890] are all capable of contour deformation and
therefore can be used for non-Euclidean kinematics. The workflow of the pro-
gram pySecDec is shown in Fig. 8.
3.4.4. Contour deformation
As mentioned above, the function F(~x, sij ,m2i ) is in general not of defi-
nite sign for physical values of kinematic invariants. The function F can vanish
within the integration region on a hyper-surface given by solutions of the Landau
equations [891–893], corresponding for example to physical thresholds. The Lan-
dau equations however are more general, including also endpoint singularities.
In momentum space, they can be formulated as follows. If the N propagators
are denoted by Pi = q
2
i ({k, p}) −m2i + iδ and xi are the Feynman parameters
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Figure 8: Workflow of the program pySecDec.
associated with propagator Pi, they read
xi (q
2
i ({k, p})−m2i ) = 0 ∀ i ∈ {1, . . . , N}
∂
∂kµl
∑
i∈loop l
xi (q
2
i ({k, p})−m2i ) = 0 ∀ l ∈ {1, . . . , L} .
(59)
The Landau equations are necessary, but in general not sufficient conditions for
a singularity to be produced. The first condition contains endpoint singularities
(xi = 0) as well as kinematic singularities, related to a propagator going on-
shell, (q2i = m
2
i ). The second condition entails that the singularities in the
complex plane trap the integration contour, such that the contour cannot be
deformed away from the singularity. Therefore this situation is also called “pinch
singularity”. In Feynman parameter space the Landau equations translate to
F = 0 and(
either xi = 0 or
∂
∂xi
F = 0
)
∀i .
(60)
A singularity with all xi 6= 0 is called leading Landau singularity. The solutions
of the Landau equations corresponding to thresholds are integrable singularities
and we can make use of Cauchy’s theorem to avoid the non-physical poles on the
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Re(z)
Im(z)
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Figure 9: Schematic picture of the closed contour avoiding poles on the real axis.
real axis by a deformation of the integration contour into the complex plane,
see Fig. 9. A valid deformation must be in accordance with the causal iδ-
prescription for Feynman propagators, and no poles should be enclosed in the
integration path. Using the fact that the integral over the closed contour c is
zero, we have
0 =
∮
c
N∏
j=1
dzjI(~z) =
∫ 1
0
N∏
j=1
dxj I(~x) +
∫
γ
N∏
j=1
dzj I(~z(~x)) , (61)
where in the second line we have split the contour c into an integral along the
real axis from zero to one and a path γ closing the contour. The path γ is
parametrised by ~z(~x) and fulfils ~z(0) = ~z(1) = 0. The integral from zero to one
in Eq. (61) is the original Feynman integral, which now is written as∫ 1
0
N∏
j=1
dxj = −
∫
γ
N∏
j=1
dzjI(~z) =
∫
γ
N∏
j=1
dxj
∣∣∣∣(∂zk(~x)∂xj
)∣∣∣∣ I(~z(~x)) , (62)
where
∣∣∣(∂zk(~x)∂xj )∣∣∣ denotes the Jacobian of the transformation ~x → ~z(~x). The
iδ-prescription for the Feynman propagators, resulting in a term −iδ in eq. (28),
tells us that the contour deformation into the complex plane should be such that
the imaginary part of F is negative. For real masses and Mandelstam invariants
sij , the following Ansatz [775, 789, 787, 886–888] is therefore convenient:
zk(~x) = xk − i τk(~x) , τk = λxk(1− xk) ∂F(~x)
∂xk
. (63)
The real parameter λ should be small and positive and can be used to tune
the integration contour for the numerical integration. In pySecDec there is an
individual parameter λk for each xk. Unless we are faced with a leading Landau
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singularity, the deformation leads to a well behaved integral at the points on
the real axis where the function F vanishes. The validity of Eq. (61), starting
from a closed integration contour, is guaranteed by the factors xk and (1− xk),
which keep the endpoints fixed. In terms of the new variables, we thus obtain,
expanding around λ = 0,
F(~z(~x)) = F(~x)− i λ
∑
j
xj(1− xj)
(
∂F
∂xj
)2
+O(λ2) , (64)
such that F acquires a negative imaginary part of order λ. For large values of λ,
higher order terms in the above expansion can change the sign of the imaginary
part. The program pySecDec checks the sign of the imaginary part and stops
with an error message if such a situation occurs, which usually can be cured
by decreasing the value of λ. Note that the transformation (63) also introduces
a kinematic dependence into the U-polynomial through the derivative of F .
Therefore the program pySecDec also checks whether Re(U) ≥ 0 is fulfilled
after the contour deformation.
3.4.5. Complex masses
Calculating radiative corrections involving unstable particles, the widths of
the particles need to be included. A consistent treatment of the width in com-
bination with NLO calculations is provided by the complex-mass scheme [894,
895], where the width Γ is included as a negative imaginary part of the mass
via the replacement
m2 → m2c ≡ m2
(
1− i Γ
m
)
. (65)
The graph polynomial F then has the form
F = F0 + U
∑
j
xjm
2
j
(
1− i Γj
mj
)
, (66)
i.e. the widths induce a negative imaginary part,
ImF = −U
∑
j
xjmjΓj . (67)
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For zero widths, the zeroes of F on the real axis are avoided by a suitable
deformation of the integration contour as described above. A non-zero width
can help to avoid these singular regions as well, but this does not lead to a stable
numerical integration in all cases, in particular if the width is small. Therefore
it is advisable to combine the two in a consistent way, which is possible since
both the contour deformation and the complex masses are required to produce
only negative imaginary parts in order to fulfil the Feynman iδ-prescription. In
pySecDec we use the following generalisation of Eq. (63):
~z(~x) = ~x− i~τ(~x) , τk = λxk(1− xk)∂ReF
∂xk
, (68a)
which means the widths do not enter the definition of the deformed contour.
For small deformations we then have
F(~z(~x)) = ReF(~x) + i ImF(~x)
− iλ
∑
k
xk(1− xk)
[(
∂ReF
∂xk
)2
+ i
∂ ReF
∂xk
∂ ImF
∂xk
]
− λ
2
2
∑
k,l
xk(1− xk)xl(1− xl)∂ReF
∂xk
∂ReF
∂xl
[
∂2 ReF
∂xk∂xl
+ i
∂2 ImF
∂xk∂xl
]
+O(λ3).
(69)
Up to order λ, the imaginary parts induced by the widths and the contour
deformation are both negative as they should. The term involving ∂ ImF∂xk does
not change the sign of the imaginary part because it is purely real. At order λ2,
however, ImF leads to an imaginary part of indefinite sign, which for real masses
would have been the case at one order higher in λ. On the other hand, this term
is proportional to Γj/mj compared to the terms ∼ m2j , see Eq. (66), and thus
suppressed since the widths should be small compared to the corresponding
masses. Therefore we conclude that for a sufficiently small value of λ, one can
consistently combine complex masses and contour deformation.
3.4.6. Numerical integration
The finite integrals which are produced by the sector decomposition algo-
rithm are usually too complicated to be integrated analytically. However, they
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are usually well suited for a numerical integration because by construction, they
are polynomials that start with a constant term. Nonetheless, for integrals with
a complicated infrared singularity structure, the subtractions can make the in-
tegrand less well behaved with regards to numerical integration. Therefore, if
pySecDec is used to calculate an amplitude where the basis of master integrals
can be changed, it is advisable to use a so-called quasi-finite basis [476, 477].
Such a basis contains all poles in the regulator  only in the prefactors of the
integrals, while the integrand itself is such that no further 1/ -poles arise, and
therefore no subtractions in the integrand are necessary.
As the integrals where sector decomposition is useful are mostly integrals
over a relatively large number of Feynman parameters, Monte Carlo integration
has the advantage of the error estimate being independent of the number of
dimensions (i.e. integration variables), which is not the case for deterministic
integration rules. One of the most widely used tools for numerical integration
is the Cuba package [896, 897], which implements several numerical integra-
tion routines relying on pseudo-random sampling, quasi-random sampling or
cubature rules.
Monte Carlo errors scale like 1/
√
n (for square-integrable functions and a
large number of samples n). In numerical mathematics, it has been known
for some time already that Quasi-Monte-Carlo (QMC) methods have a more
favourable error scaling behaviour if the integrand functions fulfill certain re-
quirements, see e.g. Refs. [898, 899]. Recently it was realised that this feature
can also be exploited for Feynman integrals [900, 850, 901].
Let us consider an integral over the d-dimensional hypercube of an integrand
function f(~x) ≡ f(x),
Id[f ] ≡
∫
[0,1]d
dx f(x) ≡
∫ 1
0
dx1 · · · dxd f(x1, . . . , xd) . (70)
Monte Carlo integration approximates the integral by the estimator
Qn,d[f ] =
1
n
n−1∑
i=0
f(~ti) , (71)
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where the in the standard Monte Carlo case the ~ti are points in the d-dimensional
hypercube which are randomly chosen. In this case the error estimate for large
n is given by σ(f)/
√
n where σ(f)2 is the variance of f . Quasi-Monte Carlo
methods also use an estimator of the form (71), however the ~ti are chosen de-
terministically. There are various possibilities to define the ~ti. For applications
to Feynman integrals, Rank-1 Shifted Lattice (R1SL) rules seem to have partic-
ularly good convergence properties. A rank-1 lattice is defined by a generating
vector z ∈ Zd which is a fixed d-dimensional vector of integers coprime to n.
The lattice is shifted m times by vectors ∆k ∈ [0, 1)d, which are d-dimensional
vectors consisting of independent, uniformly distributed random real numbers
in the interval [0, 1). Therefore the estimator is given by
Id[f ] ≈ Q¯n,m,d[f ] ≡ 1
m
m−1∑
k=0
Q
(k)
n,d[f ], Q
(k)
n [f ] ≡
1
n
n−1∑
i=0
f
({
iz
n
+ ∆k
})
,
(72)
where {} denotes “mod 1”, such that all arguments of f remain in the d-
dimensional unit hypercube. The estimate of the integral depends on the num-
ber of lattice points n and the number of random shifts m. For certain classes
of 1-periodic functions and generating vectors a linear error scaling ∼ 1/n can
be achieved [898]. The scaling in the number of lattice shifts, as they are ran-
dom, is O(1/√m). Therefore it is advisable to choose a relatively small number
of shifts m and a large number of lattice points n. An efficient algorithm to
construct generating vectors is the component-by-component construction [902],
where a generating vector in d dimensions is iteratively obtained from a (d−1)-
dimensional one by selecting the additional component such that the worst-case
error is minimal. Generating vectors obtained in this way are optimised for
a fixed lattice size n, therefore in Ref. [890] each lattice is associated with its
individual optimal generating vector.
The integrands as provided by the sector decomposition algorithm are in
general not periodic. They can be periodised by a suitable change of variables
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x = φ(u),
I[f ] ≡
∫
[0,1]d
dx f(x) =
∫
[0,1]d
du ωd(u)f(φ(u)) , (73)
where
φ(u) = (φ(u1), . . . , φ(ud)), ωd(u) =
d∏
j=1
ω(uj) and ω(u) = φ
′(u) . (74)
In practice, the periodising transform may be specified in terms of the weight
function ω, such that the change of variables is given by
φ(u) ≡
∫ u
0
dt ω(t) , (75)
as for example given by the Korobov transform [903–905],
ωr0,r1(u) =
ur0(1− u)r1∫ 1
0
dt tr0(1− t)r1
= (r0 + r1 + 1)
(
r0 + r1
r0
)
ur0(1− u)r1 , (76)
The weight parameters r0, r1 are usually chosen to be equal. Another useful
transformation is the baker’s transform [906] (also called “tent transform”),
given by
φ(u) = 1− ∣∣2u− 1∣∣ =
 2u if u ≤ 12 ,2− 2u if u > 12 . (77)
This transform periodises the integrand by mirroring it rather than forcing it
to a particular value on the integration boundary.
The latest version of pySecDec [890] provides a public implementation of
a R1SL QMC-integrator [907]. In addition, the implementation is capable of
performing numerical integration on multiple CUDA compatible Graphics Pro-
cessing Units (GPUs), which can accelerate the evaluation of the integrand
significantly.
4. Real radiation: Schemes to isolate IR divergences
At NLO, several schemes exist to subtract IR divergent real radiation. The
most widely used ones are the Catani-Seymour (CS) dipole subtraction scheme [908,
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909] and the Frixione-Kunszt-Signer (FKS) subtraction scheme [910, 911]. An-
other scheme, particularly developed in view of matching to parton showers, is
the Nagy-Soper subtraction scheme [912–916]. The dipole subtraction scheme
has been automated in Refs. [917–920], the FKS scheme in Refs. [921, 922].
In contrast, at NNLO and beyond, the development of efficient and general
schemes to isolate IR singularities in real emissions is a field which is far from
being settled, even though it has seen enormous progress in the last years.
We can roughly classify these methods into two categories: (i) methods based
on subtraction, and (ii) methods based on partitions of the phase space into
IR-sensitive regions and hard regions, sometimes also called “slicing methods”.
Subtraction methods aim at a local subtraction of the IR singular structures, i.e.
a cancellation of singularities pointwise in phase space, while in slicing methods
the cancellation of the contributions from the IR sensitive and the hard regions
is intrinsically non-local. Slicing methods which have been applied successfully
at NNLO are the qT -method [80] and N -jettiness [923–925].
Controlling large cancellations is an issue within the slicing methods, how-
ever power corrections in the resolution variable can be calculated in an ex-
pansion around the singular limits, such that the numerical performance of the
subtractions can be systematically improved. Next-to-leading power corrections
have been computed at NLO and NNLO [926–931]. The qT -method extended to
N3LO already has been applied to the calculation of differential Higgs boson pro-
duction at N3LO [19] and Higgs boson pair production at N3LO [29, 31]. Exten-
sions of the N -jettiness and qT -methods to N
3LO are under development [932–
942], extensions of subtraction methods based on momentum mappings beyond
NNLO are also under investigation [943].
The qT -method [80], originally limited to final states which do not carry
colour, recently has been extended to allow the calculation of top quark pair
production at NNLO [944–946]. The first application of the qT -formalism to
the computation of electroweak corrections has been presented in Ref. [947].
Antenna subtraction [948, 949] led to the first NNLO calculation of e+e− →
3 jets [950], of single-jet Inclusive production [394], of di-jet production [395] in
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the leading colour approximation, as well as the production of dijet final states
in deep inelastic scattering [951] as well as a number of processes involving
vector bosons and jets, see Table 5.
Sector-improved residue subtraction [952–955] has been inspired by sector
decomposition applied to phase space integrals [956–961, 373, 962, 377] and
FKS subtraction [910, 921]. It has led to the first calculation of tt¯ production at
NNLO [766], as well as the NNLO calculation of single-jet inclusive rates with
exact color [963]. The latter calculation confirmed that the difference due to
approximation applied in Ref. [394], i.e. using the leading-colour approxima-
tion in the case of channels involving quarks and exact colour in the all-gluon
channel, is negligible for phenomenological applications. The calculation of the
NNLO QCD corrections to 3-photon production at the LHC, neglecting colour-
suppressed non-planar contributions, has also been achieved based on sector-
improved residue subtraction for the double real radiation contributions [528].
Nested soft-collinear subtraction [203] has elements of the sector-improved
residue subtraction, for example the feature to partition the phase space, how-
ever it provides analytic results for the integrated subtraction terms [964–969]
and aims at a generic local subtraction scheme providing the basic building
blocks for the subtraction terms similar to the CS-dipole subtraction scheme at
NLO.
Another subtraction scheme aiming at fully local and analytic subtractions
is the one developed in Refs. [970, 971]. It provides definitions for local soft and
collinear counterterms written in terms of gauge invariant matrix elements of
fields and Wilson lines, and aims at a scheme valid to all orders in perturbation
theory.
The “projection to Born” method [27, 972, 28, 25], also called “structure
function approximation”, is limited to VBF-type kinematics, treated like a dou-
ble deep-inelastic scattering (DIS) process, relying on the fact that exchanges
of coloured particles between the quark lines are both kinematically and colour
suppressed.
In Ref. [973] a geometric method for final state radiation, employing a FKS-
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like residue subtraction procedure based on a Feynman diagram dependent slic-
ing observable. In Ref. [974], a forest formula in momentum space to subtract
IR singularities for wide-angle scattering has been developed.
A summary of various schemes to treat unresolved real radiation at NNLO
is given in Table 4, processes calculated with the different methods are collected
in Table 5. For H, H+jet and HH production in gluon fusion the heavy top
limit is understood for the highest loop order entering the calculation. Partial
inclusions of heavy quark mass effects in some of the results listed in Table 5
are discussed in Section 2.
method analytic integration
of subtraction terms
subtraction
antenna subtraction [948, 975–981, 949] yes
sector-improved residue subtraction [952–955] no
nested soft-collinear subtraction [203, 964–969] yes
ColorFulNNLO [982–991] partial
projection to Born [27, 972, 28, 25] yes
local analytic subtraction [970, 971] yes
slicing
qT [80, 379] yes
N-jettiness [923–925] yes
geometric subtraction [973] yes
Table 4: Methods for the isolation of IR divergent real radiation at NNLO.
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method processes (NNLO unless stated otherwise)
antenna subtraction e+e− → 3 jets [950, 992–995], qq¯ → tt¯ [996], pp→ H+jet [140, 144, 156],
pp→ jet+X [394, 997, 998], dijets [395, 999],
pp→ Z+jet [1000, 1001], pp→ γ+jet [951, 1002, 1003], pp→ Z+b-jet [1004],
DIS dijet [951], DIS jet+X [1005, 1002], DIS 2j diffractive [1006],
DIS charged current [1007], DIS event shapes [1008],
VBF Higgs production [173], pp→ V H(bb¯) [131]
sector-improved residue subtraction pp→ tt¯ [766, 1009–1012], pp→ H+jet [1013, 141], top decay [1014],
pp→ jet+X [963], pp→ 3 γ [528]
nested soft-collinear subtraction Drell-Yan [203], pp→WH(H → bb¯) [965], DIS [968],
pp→ Z, pp→ H [965], H → gg,H → bb¯ [966], H → bb¯,mb 6= 0 [130]
ColorFulNNLO e+e− → 3 jets [1015], H → bb¯ [124, 1016]
projection to Born single top [972], VBF Higgs production [28, 175],
VBF Higgs pair production [345, 347],
N3LO VBF Higgs production [25],
N3LO VBF HH [26], N3LO jet production in DIS [34],
charged current DIS N3LO [35]
local analytic subtraction Drell-Yan [970, 971]
qT pp→ H [80], Drell-Yan [379], pp→ γγ [375],
pp→ HH [307, 309], pp→ ZH [136], pp→WH [1017],
processes in Matrix [388]: pp→ V, pp→ H, pp→ Zγ [1018],
pp→Wγ [1019], pp→ ZZ [591, 589, 1020–1022],
pp→WW [1023, 1024, 391], pp→WZ [1025, 1026];
pp→WHH [350], pp→ ZHH [349],
pp→ tt¯ [945, 946, 393],
pp→ H N3LO [19], pp→ HH N3LO [29, 31]
N-jettiness top decay [385], pp→W+jet [924], pp→ H [925], single top [1027]
pp→ H+jet [142, 145], pp→W+jet [924, 1028], pp→ ZZ [1029]
processes in Mcfm: pp→ Z,W,H,HZ,HW, γγ [202, 137, 384],
pp→ Z+jet [1030, 1031, 931], pp→ γ+jet [1032]
geometric method H → gg [973]
Table 5: Processes calculated with the different methods to isolate IR divergent real radiation
at NNLO and beyond.
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5. Summary and outlook
The precision frontier is one of the main pillars of particle physics and will
play a major role in shaping its future. This review aims to give an overview
on the recent developments in precision calculations, focusing on Higgs phe-
nomenology in the first part, in particular on recent advances in fixed order
calculations. Going through various channels of Higgs boson production, the
purpose is on one hand to highlight important results, on the other hand also
to point to directions where the precision should be increased in view of current
or anticipated experimental data. Obviously this cannot be done in an exhaus-
tive way here. For example, among the most pressing issues are the matching
of NNLO corrections to parton shower Monte Carlo programs as well as the
analytic resummation of large logarithms in certain kinematic regions. These
important subjects are only treated in passing in this review. Furthermore,
precision calculations within Effective Field Theory parametrisations of physics
beyond the Standard Model (BSM) are not discussed, nor higher order correc-
tions within concrete BSM models or recent progress using machine learning
tools, as these subjects deserve a review on their own.
The main directions for fixed order calculations to improve the precision can
be very roughly divided into two categories: one is to increase the perturba-
tive order for processes with a low number of scales, as for example in Higgs
boson production in the heavy top limit or the Drell-Yan process. Here the
main challenges are to achieve fully differential results for the highest available
perturbative order. The other category concerns an increasing number of phys-
ical scales like Mandelstam-type kinematic invariants and masses. The number
of kinematic invariants naturally increases with increasing particle multiplicity.
Therefore 2→ 3 processes at NNLO certainly form one of the current frontiers,
posing challenges from both the loop amplitude- as well as the real radiation
side, with remarkable recent progress concerning such processes with massless
particles or one massive external leg. The other challenge in the second cate-
gory is given by processes with a large number of massive propagators, as they
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occur for example in electroweak corrections or QCD processes with massive
quark loops, or a combination of both. The more scales are involved, the more
complicated the corresponding analytic expressions for the integrals can be, and
the study of differential equations and integrals whose solutions leave the class
of multiple poylogarithms is one of the most vibrant current topics. Numerical
methods scale better with increasing numbers of mass scales, however they have
other challenges, and tackling those has also seen much progress in the last few
years.
To account for all these recent advances, the second part of this review is
dedicated to techniques which are at the core of pushing the precision frontier
further in both, SM and BSM calculations. This part aims to give a broad
overview on established as well as newly emerging methods, rather than an in-
depth discussion of a particular method. For some of these methods, what is
called the frontier now may soon be outdated, given their potential to tackle
problems that were not feasible before. For example, in the area of ampli-
tude reduction, methods based on finite fields or intersection numbers are very
promising. Or, concerning the calculation of multi-scale two-loop integrals, new
expansion techniques as well as (semi-)numerical techniques have emerged. Fully
numerical methods, avoiding the conundrums of dimensional regularisation, also
have seen a lot of progress recently.
Last but not least, a brief overview on recent developments regarding the
subtraction of infrared divergent real radiation, at NNLO and beyond, is given.
These developments point to the fact that general schemes with some potential
for automation, much like we have them at NLO today, are on the horizon.
Finally, with all this very encouraging progress from the mathematical as
well as computational side, it should be emphasised that all this is part of a
bigger picture, which is the preparation for the future of high energy physics, in
the hope that the LHC as well as future colliders will allow us to further unravel
the mysteries of Nature.
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